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B¢ Gido duc va Dao tgo dd ban hanh chuong trinh chuyén mén Tin hoc cho
ac lan chiuvsn ] ] nwno nlurﬂv;n trinh
S VLS ik ywlE £ U, wis Il/ I VIR CTEATS, FELTHT S

B6 sdch gom ba quyén, quyén 1, 2va3. Cdu tric mdi quyen bao gom: phén I
| thuyét gici thiéu cée khdi niém co ban cdn thzet thuong ding nhdt; phan ap dung
trinh bay cdc bai todn thuong gdp, cdch gidi va cai diit chuong trinh; cuqz cung la
cdc bai tdp (ngoai tric chuyén dé 10 1a chuyén dé tham khdo chuyén sdu nén
khéng cé bai tdp). Cdc chuyén dé trong bg sdch dwoc lva chon mang tinh hé
thong tir co ban dén chuyén séu. | '

Vdi trai nghiém nhiéu ndm tham gia gidng day, boi dwdng hoc sinh chyyén tin
h,oc cua cdc truong chuyén co truyén thong va uy tin, cdc tdc gid da lwa chon,
n ‘cde néi dune co ban. th S vudar mbAF mad wiinh A5 A o dune A4
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| hoc Vi mang muén bo sdch phuc vu khong chi cho gzao vién va hoc sinh chuyén
tin hoc cdc truong Trung hoc pno thong ma ca cho gido vién, hoc sinh chuyén tin
- hoc Trung hoc co s6 lam tdi liéu tham khdo cho viéc day va hoc cua mznh.

Véi kinh nghiém nhiéu ndm tham gia béi 'dudng hoc sinh; sinh vién tham gia -
cdc ki thi hoc sinh gici Qudc gia, Qué'c té, Hoi thi Tin hoc tré Toan qugc, ,
- Olympiad Sinh vién Tm hoc Toan quéc, Ki thi ldp trinh vién Quoc té khu vuc
Déng Nam 4, cdc tac gia da lya chon gici thiéu cdc bai tdp, loi giai c6 dinh
‘hudng phuc vu cho khong chz hgc smh ma ca smh vién lam tai li¢u tham khdo khi
tham gia.cdc ki thi trén,

Lan ddu tdp sdch duoc bién s soan, thoi gian va trinh dg c6 han nén chéc chin
con nhiéu thteu SOt, cdc tdc gza mong nhdn duoc y kién dong g0p cua ban doc,
_ cdc dong nghlep, sinh vién va hoc sinh de bé sdch dwgc ngay cang hoan. thién
hon.
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Hinh hoc tinh toan (computatlonal geometry) la mOt nhénh clia ngénh khoa hqc
méy tinh, chuyén nghién ciru vé thust toan gidi quyét c4c bai ton lién.quan t6i c4c

] dbi trgng hinh hoc: Trong toén hqc va cOng ngh¢ hién dal, hlnh hoc tinh todn c6
ing dung kha rong ral trong cac lTnh vuc vé dB hoa méy tfnh thnet ké mé
phéng... , ‘

Do gidi han n61 d\mg cta cu6n séch ching ta s& chikhao st mdt sb bai todn va
thudt todn ciin ban. Dé gitip cho pgudi doc nhanh chéng nam bit dugc ¥ tudng va
cdi dat thudt toén da sé c6ng thuc hlnh hoc du'oc thira nhén, khOng chimg minh.

| MQt 36 khai nlem co bén

1. Hg tog dp De-cac o R
| Trong mét phang, chqn mot dlem O vé hal ‘vecto don vi (vecto c6 do dax DtJj

‘vuéng gbéc v6i nhau. Khi dé b6 ba (0,1,]) dugce goi 14 hé toa do Dc-céc vudng
goc (hay con goi la mQt muyc tiéu Ocht ha1 chlcu, muyc tleu truc chuan)

Pon vi dé dai 1a mét khél nu;m quy udc, cé the 1a ¢m, mm, mch Rang buoc vé
ha1 vecto 7] c6 thé vxet duérx dang bxeu thuc cua tlch vo hu‘cmg (tich cham)

= =1vaij= 0 o ' ’
Ta cling ki hiéu muc txeu 6 1a Oxy véi Ox va Oy 13 hai tia géc O c6 vetto ch1
phueng 1in hrgt la ivaj.

Hinh 8.1. Myc tiéu Oclit .



A ~ voan Ao . CAA s wlo% yr\“ ST IR SIPUINIES Ry G . § .
iem o gOI 1a goc toa dg, auong ‘hang X duqc £or. ia ruc ﬂoanh va vy auue
goi la truc tung. RS 0t .

' phaz hay cmeu kzm déng ho (clockw:se cw)

2. Tna dﬁ

Xét mat phang truc chuan (O l D vai m6t vectc B bat kx cua mét phang, ton tax
‘duy nhat mét cip sé thuc (x;y) sao cho ¥ = xi + yj. Cap sb (x;¥) Knl d6 duogc -
goi 1a toa dd cua vecte # dbi véi muyc tiéu d3 cho, k1 hiéu ¥ = (x; ).

Céc két qua sau c6 the dé dang chu‘ng minh bang dmh nghxa tog d:
. Vecto 7 co toa do (1;0) va vecto 7 co toa do ( 0; 1) ‘
. Neu U= (x4 ) va ¥ =(x,;y) thi §=7 khi.va chi khi x, =x, va

Yu = Yo |
‘o Néuil =(xy;y,) vav = (xy; %) thi tong vector U+v= (xu + X Yu + yv) |

' va'tich vé hu'érng U D =x,%+ Vy Vo
o Néuv= (x y) vé k € Rthi kf} (kx, ky)

Tren mat phang truc chuan (0 { j’) ta lay mot dxem M kh1 do toa do (x y) cua
vecto O, -—)\? duoc gox 1a toa 5 ciia dlem M k1 hleu M = (x, y)

Ta c6 mbi hen he gitra toa dé cia vecto va toa do cua dlem | .

Néu M«(xM,yM) vaN -‘(xN,yN) thi MN = ON - oM = (xN xM,yN yM)
3. Poi hé toa do | |
Cho hai hé toa do tn_rp chuén tr’éﬁ mit phéng;} (o, i,vj.:)'vé (6,?,7) Gia sir diém k
M c6 toa db (x; ¥) d6i voi hé toa do (o’, vy, bai todn dat ra 14 xéc dinh toa 40 |
diém M ddi véi he toa do (0,11). L SRR
Gxa s trong hé toa d6 (0,1, }) diém 0 = (p, q), vecto l = (a b), vecto
7' = (c; d). Khi d6 theo dinh nghla ’ o



|

- - -
O0'=pi+qj
S 79 1%y
l=ai+oj {0.1)
° | _
Y=t dT
J e 1 WJ
Diém M c6 toa d6 (x; y) d6i v6i hé toa df (O W] ),, tirc 1a
NIAE ___ -_2 1 --T?
e UM =Xt +yj
Suyra
OM =00'+0'M
' : -2 - | e d g
= pil + qf + x{(ai + b)) + y(cT + d)) (8.2)

Céng thirc (8.2) cho biét rang diém M c6 toa 40 (ax + cy + p; bx + dy + q) dbi -
véi h¢ toa 46 (0,7,7). Néu ta goi (%;7) la toa 43 diém M dbi voi hé toa dd
(0,17) thi cong thirc (8.2) c6 thé viét dudi dang ma'tran:

| | (§)= Z ;)(;)”(Z) s \' '(8.3.) |
Chii y: Cong thirc dbi ton do: ’ |

| 'x”_‘ ax+cy+p
=bx+dy+q.

Tacé the nhé nhu' sau cho dé: cac he s6 ér phucmg trmh thir nhét 1a hoanh do cua

ba vecto l, ] va 00 trong khl cac he sb & phuong trmh thu hax la tung do cua ba

Vecto do.

4. Xay du‘ng cong thwc bten dm toa do

Trong hinh hoc phing, mot trong nhimg ki thuat quan trong la xay dung cong
thic bién dbi toa d6 cho céc phép. dong dang (tinh tién, quay, di ximg truc,
vi tu...). K1 thuat chung co the mo ta nhu' sau:

¢ Trén h¢ toa dd trye chuan ban ddy.(0;1,7), x4c dinh diém I = (1; Q)va
diém /] = (0;1).



e - Véi mt phép d6ng dang f; ta -__tg,‘hiénf trén ba diém 0,1,] Té nhén duoc

" ba dnh twong tmg cla ching theo thir tr 120’1, J". Tir 46 x4c dinh toa d6

VR Gl tUTllE ullp Vua VUKLe - *F 22 0d 3 d ¥
diém 0’ = (p; q), vectot = OT = (a; b) va'vecto §' = 0] =(c;d)

e Nhin xét ring n'u diém M cé toa 4 {x;9) d 5i véi hé toa dé tryc chuin a3
cho (0,7,)) thi sau nhén bién dox f diém M s& bién thanh dxém M cﬁng ¢6
toa 48 (x; ) nhung véi hé toa 46 truc chudn tryc chuén \u' ) )

o Ap dung cdng thirc (8.2), hoac 8.3) de xﬁy du'ng cong thuc toa d6 cia diém-
M theo hé toa dé ban dau

a) Phép quay R
| Cewegn

/= (msthaicos) §I=@1. @ M=)

J' = (cosa;sina)

: I.;"Q;O)‘ .f:_/',

i

Hlnh 8 2 Phép quay tdm 0 gdc o

Ta xét phép quay quanh tém 0 mét géc a Phép quay néy gxﬁ' bét blen dxem O tu'c
1a 0" = (0; 0), diém [ = (1;0) bién thanh I = (cosa sin a) diém ] = (0 1)
bién thanh ] = (-— sin a;  €os a) Nhu véy

N U NS VRPN ;n PN TSR P ST T Sr R ¢ Y il
. Ap aung cong Uuc {3.2) no4c {s8.5), pnep 4 )l gUb

- thanh_,diém (%; 9), trong d6:

0 = (0;0);
' 0'1': (cosa; smrx)

—

0] = ( sina; cosa).‘:'



\ tene s — ein X\ .
‘m‘__,\.uau .‘unu‘l ‘ .
\¥) \sina cosa/\y/
e 1a: o
| ‘g’fl: xcosa —ysina 8.4)
VU=xsiha+ycosa :

(X =~y
ly=x
Néu géc a = 180°, day 1a phép d6i ximg tdm 0, cosa = —1 va sina = 0. Cén
,thue(84) & thanh: PR B
' ' (F=—x
z - {f =-y
b) Phép tinh tién e .
Ta xét phép tinh t ién theo vecto.(a; b). Phép tinh tién ndy bién diém 0 = (0;0)
thanh 0" = (a; b). Diém I = (1;0) bién thanh I'(a + 1;b) v& diém J = (0;1)

bién thanh J' = (a; b + 1) Nhu' vay ‘
= (a. b)
0T = (1;0);
, . o7 7] =(0;1). ‘

Ap dung céng thirc (8 2) hoac (8.3), ,phép tmh txen theo vecto (a, b) s& bién
diém (x; y) th&nh dlem (x; ?), trong a: .
5)-6 ‘1’) ‘(,) + (Z) |
tire 1a: o TR _
{;‘”“ S o 8.5)

y+b



Thyc hién phép tinh tién theo vecto A A0, sau a6 tnuc men phép quay & tdm O goc a,

,61 thuc hién tiép phép tinh tién theo ect OA

d) Phép vi tu
Dé thyc hlen phép vi tr tim A = (xA,yA) ti s6 k, ta c6 thé dung phuong phapk

- Tinh' tién theo vecto A0: Dlem (x y) .s& bién thanh diém (x y) thoa
man

(x'=x—x,
=Y = Ya.
- Thuc hién.phép vi tw tam O i s k. Phép vi tu niy gitr bt bién. mern 0,
diém I =(1;0) bién thanh I' = (k; 0) di m«] =(0;1) bién" thénh
J' = (0; k). Nhu vay: Lo o
0'=(0;0);
0T = (k; 0;
07 = (0;%).
Ap dung cong thuc 3. 2) hodc (8 3), sau- phep V1 tw tﬁm 0 ti 6 k dlem
(x'; ") s& bién thanh diém (x";y") thoa man: '
{x =kx"
¥ =ky.
- Cu01 cung, ta thuc hlen phép tinh txen theo veqto 04:
| E=x"%x
{}’_— Y +Ya- -
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I'6ng hop lakta dug
(X =k(x —x3) + x4 Lo
T T VT AN T A (8.6)
5. Mot A Ll i3 niém Ll g
Jeo IVE !I SU RNrtutL ;1 .C’ l nnug

/a) Tich chdm

Tich chdm (dot product) hay txch v6 huéng cua ha1 vecto # va #, ki hiéu il . la
'mdt sb thyc dugc tinh bé.ng tich 46 dai hai vecto dva v nhan vdéi cosin cua goc

xen gifra hai vector do .Goc xen glua ha1 vccto nay la goc khong d;nh huong, co

sb do tu’ 0 téi m. : : ‘

Ham sb casm la ham ngh:ch bxen trong khoang [0;x], nd dat gxa tri. lon nhat
bang 1 khi goc gifta hai vecto bang 0 (hat vecto cung chidu), dat gia tri nho. nhét
bing — —1 khi gbc glﬁa hai vecto bang (4 (hal vecto nguqc chleu) va dat gla tr; 0
Knl nal vecto Vuong gOC UII'U'C glao )

Bleu thirc cua tich cham glua hai vecto U = (x; yu) vav? = (X V) co the dién
giai nhu sau: h

Ta cé: S
U=x,0+Wm) -
V= xv?"" 5’1:] /

Vay: o

AT = (el o+ yid)- (el + ye]) ¢ |
= xy 2ty 2+ (xuyv + yuxv) Lj 8.7
=1 3 =1 . . =0
= xuxv + }'u}'v '

Ciing tir dmh nghla uch cham ta suy ra cong thu'c tinh cosin cia goc a horp boi
hai vecto i = (o) vav = (x,m Yodi o o

tu

=t
u.

XyXy + YuYv. . ‘ o
cosa =

TP GE 03 132 2
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ol

Tich v6 huéng cé thé coi nhu mqt d6 do vé mirc dd cung chiéu gifta hai vecto.
Quan trong horn n6 12 co s& dé xay dyng céc khai ni¢m vé khoang céch va géc.

Vi dy néu 4 = (x4;y,) v B = (xp;yg) thi o dai doan thing AB duoc tinh
bing: |
VAB? = \[(x — 22)° (5 — ¥a)?
b) Tich chéo |
Tich" chéo h-rmv product) cia hai vecto il va ¥, ki hiéu# X ¥ 12 mot’ s6 thue.

duge tink bing tich 48 dai hax vecto i1 va # nhan véi sin cia g6c xen gxtta hai-
, ,vccto' dé. Géc xen gifta hai vecto ndy 14 géc dinh huéng, 6 s6 do tir ~7 i 7,
s8 do mang du’ dwrong néu chidu quay tir i 161 3 12 chidn thun (nguoc chiéu
~ kim ddng hd) va mang dau am néu chleu quay tir t61 12 chidu nghxch (theo~
* chidu kim dﬁng hé).
5

) , Hb:h 8 3. Gde cd Iunfng |
~ Tich chéo 1a mgt khéi mém suy ra tir khél mém tich co hu’é’ng trong khéng gian

vecto Oclit nhidu chidu. Bing céc (cﬁng cu dgn s6 tuyen tinh, ngudi ta 44 chimg
minh duge cdng thirc cia tich chéo gifta hai ve‘c‘toﬁ = (X3 ) VA 1'7’ = (Xpi Yv):

t:#

ux

o ST A . .
xu)'v xv}'u"“yz yZl o | “(8-9)

x
tic1a gxé trj cia tich chéo bang dmh thu'c clia ma tré.n ( " ")

- Ta cﬁng suy ra cong thic tinh sin cua géc dmh hu'dng a gxﬁ'av hax vector
i= (xu: ) va ¥ = (xy; }'v) : ’

CEXT L ‘=X

T ' Bl VGG + 3D +30)

sina =

12



AL - . . 4 -— -
Vé mit hinh hoc. oia tri tuvét ddi cna tich chéo 1 X v .13 dién tich hinh binh hanh
¢ mat-nmh pge, gla. ingygt.aonc cn chy U.la dign tich hinh binh-har
T P PP SN v~ S S — -
OABC, trong 36 0'1a goctoa dd, 0A=uU,0C =VVvaOB=U+7
Tich chédn ca mat 1vno duno anan trang tronag vide Fhan cdt chidiis (33 orr ta 41 tir
A.IUAI V“KVU A A v ll‘v‘ ul‘s “wls \‘“wl uv‘ls uvnls 'AY“ f\ll“v WweAS WildWw N \Jl“ DU VA AL t“
‘ge 2 2 ) T . N oz 2 : . i Lo
diém A sano diém B theo dirdmo thine va di tién sano diém C theo dirdnoe thino
diem A sang dicm b theo auong thang va di ticp sang dicm C theo quong thang,
LI AL, R : ;
Kiii 4o .
.. ! ‘ .’ . k& 4
- Tie ochidn AR v RI <& 13 cf’\ Avrreng nén ‘n]-\rx\ rE tal R 14 “eZ trd1?? (hayv nAl
4 4Awid \lvll\l\l LA I\ U'U OU‘_(IB ouruuulls ll\yb‘i WwAAV AW WAL & LG . AW WAGAA \l‘a AIUAV
; T <A . X 3 '
dung hon 1a b géc nguge chiéu kim dong ho);

0 - llch cnéo Ab‘ X BC la SO am neu cno ré tal B la "ré phal”
. TlCh cheo 4B X BC 0c6 nghla la ba dxern A B c théng hang

Hinh 8.4. Ré trdi va ré phii

“dy vé mot img dyng cua thh chdm va tich ch Trén mt phing cho
a A A = (+ vaC = (x 1y, N hZy ok hidt A Bea £ a4
ba.aicm A \AA,J{A}, B = \*B!)’BJ va KXc: Y } nay cno piet dicm o Co

nim tren dogn thé.ng AB hay khong

Diéu kién cin va di dé C ndm trén’ doan théng AB 1a:4,B,C thing hang va hax
vecto AC BC khong cung ‘huéng hogc mdt- trong so chung 1a vecto 0. Diéu ku;n ‘

nay cé the vxet bai -
AC x BC=0va AC.BC<0.
< Budmg théng

Co nhidu cach bidu difn mét ducmg théng v do do cb nhxeu cach bxeu dlen

dudng thc’mg trong may tinh. Sau ddy 1a mot 56 cach bleu dlen thub‘ng duqc sur

dyng khi glar quyet céc bal toan tin hqc ‘

- Dang y=ax+b Mai duong thimg du'qc dac tru'ng bai mot cgp hai h¢ séa
va b, tuy nhién dang meu dién nay khong thé hién auqc cac auomg tnang
song song voi tryc Oy ' ; e

13



M.
i

lL‘l:y n

/ Dang tham s6: (P d) trong d VP 1a ot didm trén dudmg thang cond la

‘vecto chi phuong cua duong thang v01 toa d6 1a: (-b; a). Nhu vay, mot

duomg thang dugc xéc d;nh bcn bg bon sb xo, yo, a va b trong d6 (xo, o) 1a
toa d6 diém P con. (—b a) 1a toa do cia vecto d. Biéu dién nay cé y ngma

duong thing la: tap céc dlem €6 toa do chinh la toa dd cua vecto OP +sd
véi moi s € R. ' '

5..
01

(lba
CIJ-

Phap, tuyén 7i(a; b).

d) Géc N _ -

Goc thé hién sy khéc nhau vé huc’nig cia cac vecto va duoc bidu di&n boi mC)f _§6
thuc. Goc ¢6 nhidu don vi khéc nhau: °, rad... Trong 14p trinh, dé giam sai s va
~ tang tbc 49 tinh toan, ngurdi ta tranh dung arcsin, arcos ma thay vao d6 bing céc
dai lugng ¢6 cung tinh thir tu' nhu goc: sin/cos/tang cia mét goc ¢ thé dugc tinh

nhanh hon bing to4n o+, = %,/ o sén trong cac ngon ngit 14p trmh

e) Da gidc - o .

Pa giac 12 mjt duong gap khuc khep km Trong lap trmh mot da gléc duqc luu
bdi mot day cac dmh llen tiép nhau Ay, Az Ay,
Dlen nch da1 sb cia mot da giac kh6ng tu cat co the duqc xac dmh bm cong

thuc

: ( : “xz)()ﬁ + }’2) + (xz "xs)(J’Z + )’3) + - + (xn —x1)()’n + }’1)

|S| chmh la d1en thh cia da glac S e

14



& hid ) b A dAu efia € € > 0} rA nohia inh o11a da gide
2¥ A Al LAANE V‘ M WIMLL A1V WGV W A AT AV A “5‘““ U}Lul WAL A sl“\l
duoc liét ké nguoc chiéu kim ddng hé (va nguoc lai)
7 ¥ DY e =3 X o5 &2
PA hinh dung cAna thirs tran t A Ac. dirdyno thiang dven 1nin
C G CO ¢

0o v [s 3
HVILE WiAQliE MUllE AUUNLE

uw
Vidi hang tir s& 1a dién tich dai sb cia mot hinh thang thanh phan. Dién -

tich cdc hinh thang phia trén s& nguogc ddu véi cac. hinh thang bén dudi, tir d6
A | |
7

ha1 vecto A1A _1va AlAl, i=3; n, do d6 day la d1¢n tich c6 déu. Tong cua cac.
dlcn tich nay sau khi rit gon s€ dua ve bidu thirc trén day va do do cung 11 g1a1
tai sao S lai 1a dién tich dai sé. y .
Duéi day l1a chuong trmh tmh dién thh da glac vérl khu6n dang Input/Output
- ihu sau:
nput
. - Dong dau tién chua so dinh n cla da gidc. (1 =n< 106)
o ndong tlep theo, dong thu i chua ha.l so thu'c x,, y, la toa do dmh i cua da g1ac

Output
Chiéu cua da giac (CCW/CW) va dxen txch da gidc

A

-- Y 0

7 . Polygon d:.rect;on CCW

10 © |Area = 18.5000° 6.

22 5
,14 1 41 \

63 . 3 /

06 , R

24 W

o] 1 2 3 4 5 6 x

15
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(s
p

ReadLn(n),‘
for i := 1 to n do ReadLn(x[l], y[il);
x[0] :=x[n}; x[n + 1 := x[1); ’
‘s = 0 e v
for i := 1 teo h'dé S ,
s = s+ yli] % (x[i - 1] - x[i'+ 1]);
if s > 0 then WriteLn('Polygon direction: CCW'})
‘else WriteLn{(' Polygon dlrectlon CW!)y
erteLn(‘Area =¥ Abs(s)/z 0:4);
| end. ‘

f) Duong tron

- Fhrdvna tran (1)
Uu\ll‘g ‘rcn \V’ R

13 1' Ar hom
ia « X

N\
J 1 4
Duong tron dugc hoan todn x

il. Motséd bél toan co’ bén

1. Bteu dzen tuyén tinh

Bai toan dau tién ta xét dén 13 cho ba vecto a, b vé. ¢, hay tim hai sé thyc P. q
dé: :

, , c-pa+qb
Hai sép,q €6 thé tmh béng cong thuc
-~ &xb Dx :
p“_. -o_ ;
.. axb D
n__dxé':_Dy
Y @xb D’

16



1)
Zz
&

¢ Néu D = 0, hai vecto d va b song song v6i nhau, khi dé:
z AN rar ary \ A_ = i z -
s (p;q) = (Nan; Nan) néu C song song véi ca @ va b;
‘m (p; q) = (Inf; Inf) néu ¢ khong song song véi d va b
Taviét ham C e

functzon SolveSLE(const a, b,:c. TVector) : TVcctorg

nhan vio ba vector ab,é va-trd vé mdt vecto cb toa do (x; y) tucmg ung vc’n hé

s& (p, ,q) can tim:

N

function SolveSLE(const a, b, c: TVector): TVector;
var » T
D: Float; ‘
begin
D i= a >< b; L
Result := Vector ((c >< b)/D, (a >< ¢)/D);

end;

2 Tt‘m gtaa diém cia hat d‘u’o’ng thd’ng

-Tren mit phéng véi he tog 49 Dé-cac vuong goc cho hax duorng thﬁng voi

phuorng trmh tong quat: o ‘
‘A‘1x + Bly + C1 = b'
» . A2x+Bzy+Cz—-0
Bai toan dét ra la x4c dmh giao dxem clia hai duémg théng da cho

Pat i = (Al,Az) v =(By; By) VAW = (—C1. -—Cz),béu toén tra thanh ba1 todn

biéu dién vecto W qua té hop tuyén tinh ctia hai vecto u va W
(w =X. u + y

Viéc con lal chx la b1¢n luan cho gxa tri g1a0 dlem txm du'qc,

A SMODE OBJE‘Pc} 3
program LlneIntersectlon.
uwses math;

type

2A. TAS LI8U...TIN HOO. (83)

17
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St e AR O T o,
-al, bl, cl, a2, b2, ¢2: Float;

p: T

function’Vector(x, y: Float): Tvector;
begin oo ;
Tt.x := x; Result.y :='y; =

Resu
end;

//Tich chéo cia haivecto -

operator >< (consc u, Vi TVector): Float;
begzu ' g
. Result 1= u.x * v.y = u_y *vLxg
1 end; k
//Biéu dién tuyén tinh , o :
‘ function'SolveSLE(constfa; b, c¥ TVector) TVector,
var ; ’ o .
D: Float;
begin. TR
D = a >< b, ) : T
Result f Vector((c >< b)/D, (a ><VCI/D); o
end; ‘ ' B :
//Chuong trinh'cht’nh
‘BEGIN

.SetExceptionMask([Low(TFPGExéeptiohMaSk),:High(TFPUExceptionMaék)])j

Readl

//Tim gmo diém cia hai dudng thing
P

if I
Writ
else
Writ

k else

Write
END.

Point;

n(al, bl Cl" aZ, b2, CZV);‘

+ SolveSLE{(Vector (a1, a2) Vector(bl b2) Vector(cl c2)),
sNan (pix) - then' /Hai-diong thing trung nhau Lo
eLn( Two llnes are. coincident')

if I sInflnlte (p.x) then //Hai dwing thing song song

eLn (' Two lines dre parallel')~"7' :
//Hai dwong thdng ] gzaa dzem duy nhat IR e
In(" Intersectlon p01nt(';p %:0:4, '; p.y:0:4,")")

e

>

28, TAYLIBU.YIN HOC (@3)
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i A y " +3m R D tran mit nhing h3v oha 1&¢
3 £o98 \d i AR AL \BANVWREL SRy A¥ ) Nty 57 u\u‘l AXLEAL yllmls, Eyi-g yuu AL
hai Anan thing AR va D rhd gins didm diyw nhds bhaa e i o ot Lifee . ga’
ual uwvaili l.uaus MAD Va G/ LU Bldu' UlClI1I U y Hial RIOUIYE, 1ICU LU Il vU1ct UJ4 Ul}
‘giao diém -
g1a0 aicim T ;
: B -
. .C / B
| . A K
. N o . ) - D
L 2 '
A B
Hinh 8,6

De tim giao diém cia hai doan thing ABvACD ta co the:
e Viét phuong trinh tong quét ctia hai dudng thing ABvacC D

e Tim giao dlem ‘M ciia hai dudme thing:

DSV awass T RS A28 LSRN Ae =8k

. Klem tra M ¢6 nim trén dogn thing AB va tren doan théng €D hay khong

P’,huorng trinh cia. duong thing di qua, hal dxém phan bu;t A = (X43Y4) va
j--(xB:J’B)la o : o
T (x— x,a) (ys yA) (y }’4) (x5 —-xa)
Ta cb thé bién ddi phuong trinh trén vé phuong trinh tbng quat va sir dunghé,m :

‘SolveSLE dé tim giao diém M cua hai dudmg thing AB va €D, sau d6 klem tra
M c6 nim trén hai. doan thang ABvacC D hay khéng. _
.Céch lam nay kéo theo n,hleu phép tmh khong hidu qua, ta s& sit dung cong thuc,

vkhéc. » .
Neu Mla glao dlem duy nhat cua ha1 doan théng AB va CD tlu sé ton tal duy .

_nhat mot cip s6 thuc »q € [O 1] dé
AM = pAB
| | {CM =q cD. )
~Trir't1;qng ung hai \}é, ta.;(_:yé | \

19



WNIlow 3827 4o all AR 43 LA 12X Ak tfok: ai P 1 A Te
Nhur vdy, ta chi can tim bi€u dién tuyéh tink cia-AC qua AB va DT, sau Kkhi ¢6
X . : <A IR Y S . N g7 -4 A *A

cap sép.q. ta kibm tra didu kiénp,q € [0; 1] va tinh tog 4§ giao diém M theo
cAng thiza : : : '

VUIIE  LRIU

Input — A, B, C, D: TPoint; -

r := SolveSLE(B - A, C - D, C - BA); - ~ ;

if not InRange(r.x, O, 1) or not InR(avnge(r.y, 0, 1) then
//Kzem tra nghiém €(0,1] N

Output « Khong cd giao dlem duy nhit

‘else o At

beg:.n - . W

P A+(B-A)*rx,’.
| ’Output « Giao didm duy ‘nh&t (p. x,rp y)

end;

4. Tim gtao diem gika mpt do(m thing va mpt tia
Pé tim .giao’ diém duy nhit gitta doan thing AB va tia CD, ta c6 thé str dung

A 9
phd’uug I}uay tuong L\.l u.hu trén: qu 1/, la g'°0 du,m A"" “hﬁt Cua ﬁ@an thé.ng

ABva tia CD thi s§& tdn tai duy: nhat mit - c%ip sb thuc p.q, trong 4o p € [0;1],
q € [0 +o0) sa0 cho
{AM P AB
CM =qCD. A
Ap dung thtft toan nhy tréc, chx co dléu sau khx tim fiuoc cap'sbp, q, ta khﬁng
‘kxemtrap,q € [0; 1] maklemtrap € [0; 1] vaq>0.

Céch tith glao didm cia duimg thﬁng AB'véi duomg théng CD; tia AB v6i tia CD
ducmg thing AB véi doan théng CD... co thé thuc hxcn theo cach turong tu, chx
cén sta dm pham vi ciia tham sb p,q A

PO I

5. Do géc giira hai vecto

Bai todn: Cho hai vecto khac 0 gvav. Can t1m 56 do goc d;nh huérng tu A6
. 86 do goc dinh huéng nam trong pham vi (— b7 ﬂ]

20



Thu vién math cung cip ham Arc'l"anZ(y, x) tra vé goc dinh hudng tao boi
vecto (1 0) véi vecto (x, y). Tacé thé sir dung ham qay de tmh g1a tri goc dinh

N, B S R TR

_.‘__A._..-.A ..é
hw g fir # t61 ¥ bing cach viét:

® | o ArcTanZ(u U.v). . FEECE A

beg‘i‘n , S : .
Result := ArcTan2(u >< v, u * v);

and.
en&,;

6. Tinh di¢n tich
a) Dién tich tam giac ‘

anh87

, Tuy thong tm duqc cho ma ta su' dung cong thu‘c gxal thh thlch th de tmh d1¢n
tichtamgnéc : , R IR .
- Néu biét ¢6 da\x mqt canh cua tam gxéc lé a va chleu cao tuorng ung Vi
canh d6 13 h thi d1¢n tich tam gléc cé zhe tmh b(’n cong thu'c

el

_a + h
. z |
"~ Néu bxet 46 dai ha1 canh tam gléc 1a b va.e, dong thoi géc xen gifra ha1
canh d61a A thi dxe;n tfch tam giac c6 thé tinh boi cong thuc .
| W se bc,smAl B
S T *2 ol

- Neu ta biét do dai ba canh ctia tam gléc ia a, b c th1 du;n tfch tam glac cd
* thé tinh boi cong thirc Ha-rong: '

S=velp - D -DF -9,

21 .



" trong 48 P = (m?ra chuvi).

- Neu biét hai vecto AB va AL thi dién tich tam mac co me tinh- nang cong
_ kthuc tich chéo: :

gt

[AE' AC|.
1
E

=

N X
~
o5
\O
o

Céng thu'c néy cd the viét lax khi ta biét toa do ba dlem A= (xA, ya),
B= UCB:)’B) va C=(x: QYc) , ‘
k _ ! Xg = x:)(Vr - VA) (xc ~ XA)(YB - J’A)l
| 2 | l e
Chuy rang néu bé déu gxé tri tuy@t dOl cbng thire tinh dle,n txch 6 tren sé cho gla -
tri duong néu huéng quay tr vecto' AB t6i vecto AC 13 hudng thudn. Nguge lai,

cong thic s& cho' glé tr; 4m néu huéng quay tt‘r vecta AB 16i vecto AC 1a huéng; ]
nghich. :

b) Dlentfchdagiac ST

~ Trén mit phiéing v6i h¢ toa dé Bé-céc vuong géc, cho da gi4c P PP, ..Py,
trong d6 diém P, c6 tog 48 (x,,yi) B6 sung thém diém Py = P va dxérn ,
P,,+1 = P1, khi d6 dlén t(ch da gxéc du'qc tinh theo cbng thirc (8 1 1) T

Vanga
.99
—
(=)
—r

v

- S =‘i’ ZOP X l+1
=3 Z(xl-l xz-&l))’il r T .
Chu-ngmlnh o

Gia sit ring céc dinh cita da gn&c ducc danh s6 theo huéng thuén (nguqc chidu kim
. dbng hd)*, tanbi cic didm P, Py, ..., Py V6i géc tog 48 0, dugc n tam gidc: '

* Cy thé 12 néu ta di doc theo céc canh cua da gic theo thir tr Pi. Pz, i Pay P1 thi phia tay tréi 12 midn da
gnﬁc .

22



| ‘Hink 8.8

’Trong hinh 8 8, ta xét mot tir gic V6'l bén dinh Pl, Pz, P3, P,. Dién tich ela ti gxac
nay c6 thé tinh bing: ~

, 8= ""SA(PIOPz) SA(onps) +SA(P30P4)+54(P40P1)

 tic 1A dxén ‘tich da gidc c6 thé tinh qua céc dién tich cac tam, gléc S;(P,OP,.,). Khi
ot ‘hang tir Sa (P OPm) xuét hign trong tdng; n6 s& d\mc mang déu “+” néu chiéu

_quay tir vecto OP t6i vecw OPH.I Ia huéng thuﬁn nguqc Iax, hang tir néy s& mang
dfu “.”. Thit may mén, gi4 tri (c6 dAu) ciia cac hang tir S,(P,OP,,,) c6 thé tinh
bing cong thirc ‘tich- ¢héo (8.9) nhng bs diu gid i tuyét dén Tuc 1a dién tich (c6
»'rdéu) clia‘tam glac P,OPM s du:qc tinh bang i .

SA(PIOPHI)*""‘OPXOP;H SR A

el

va nhu vay ta cé c6ng thu'c tinh dlén tich da glac P

5= —(v‘ P{ xmﬂ2 +0 ‘7)"><01='3 +ok+ OB, X OP,M)

EN AR
BN

i (quy uoc Pnﬂ = Pl)

i

Khi céc dinh cia, da g:éc duqc dﬂrm sé theo, chxéu ngh;ch (theo chléu knm déng
hé), bang lap luan tuong ty, ta c6 c6ng thirc dlén tich da gxéc 1a

-s=_<_( ap;x——-'op,ﬂ).‘ N SR
i=1 . o) o

N

T 6ng hop lm, céng thfrc tmh dién tich da gtac cé thé \nét thanh:

23



R |
LN\
) E-iz‘b‘ﬁxﬁm (8.14)
2147 |
fi=1 1
ma khéng cin quan tdm i da gisc dugc danh sé hidu thudn hay chiéu

ye

1
©

ink
q 1,

o
o

fa
g
ai =X A

Bay g i& ta s& sir dung t6i toa d dé xay mg céng thirc tinh dién tich da gi
teln n‘p taa AR Ainh ‘,Al‘ o 0 ?-

UM VEV W WY UL, Y WV

tich chéo, ta c6:

c6 toa 46 (x;; ¥, dya vio con

n
e N,
=3 Ié( tYis1 :+1}’|)| . ; )
_”‘,.;q - ~ - (8.15)
(xt—l - Ii+1))’z|

!=1 : :
Vigc chimg minh dfing thirc tht hai c thé sir dung vai phép bién déi dai sé. O day
ta cé thé hinh dung nhu sau: Do co ché quay véng s6 thir tir (dinh 0 tring véi dinh

.nva dinh n + 1 tring véi dinh 1, ydl mdi dinh i s& c6 d(mg mét hang tir +X 1V
v mdt hang tr —-x,,,ly, xuht hxén trong téng )2 (xiym - xmyi) Ta c6 thé

. ghép hai hgng tﬁ nay Tai véi thu'a s6 chung yl

Néu nhur viée tinh. dang thirc thir nhét cin 2n phép nhﬁn thl ] dang thire thir hai ta

chi cin n phép than ma théi (s6 phép cong va phép trir khéng thay déi). Chinh Vi
- vy, ding thirc thir hai lueu quﬁ hon khi 13p trinh tinh dién tich da gxéc o om

-Ch#t y: Khi sir dung céng thirc (8.1 1)

Ta c6 thé xac dinh phép dénh s6 céc dinh da gidc 1a thuén hay nghlch

- dya vao céng thirc tinh dién tich: Bé ddu gid tri. tuyet dbi trong cong thire

(8.11), khi d6 S > 0 tuong vmg v6i phép dénh sb thuan vasS <0 twong
{tng v6i phép danh sé nghlch :

Puéng bién da gi4c phé,l 12 mot duémg gép khuc khép kin, khong tu cat ‘
Cong thire (8.11) sé sai néu dir lién vao khong thoa man diéu kién nay.

“Hinh 8.9 1a mdt vi dy’ vé m@t “da gléc” gom bon dinh (o 0), (1; 1),

V‘mnwmm
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-

H)nh89 .

‘Céng thuc (8. 11 ) s& tmn duoc dién tich mién mat pnang gxm nan boi auorng gap
khuc nay 14 0, tuy nhxen tren thuc te thi d1¢n txch mxen nay la 0 5 -

) Dlentfchdudmg ng . o

C(r=x®)
{y y®

véi t E [a bl x{a) = x(b) va y(a) y(b) o P

Ta c6 thé hinh dung khi t chay tra t6i b thi céc dxém (x(t), y(t)) vé ra trén mét |

phéng truc chuin mét dudmg cong khép kin khong tu cét C. -Dudmg cong C tron

timg khic tirc 14 ta c6 thé chia khoang [a; b] th&nh mét sb dem duoc cic khodng

~con ma trén mdi khoang con d6, cac dao ham x'(t) va y'(t) 1a céc ham lién tuc.

Khi d6, dién tich cia mién mit phéng D giéi han béi duong cong C ¢6 thé tinh
qua mdt hé qué cﬁa cong thire Green trong gréx txch ham =3 L

S—fody ydxw
- SR (8.16)

f (x(t)y ) - y(t)x (t))dt
Chu y Cogg thirc (8.16) cho két qua la dién tich c6 dau cua mién D (1a s6 am

néu mién D dugc dinh huéng nghich). Cé thé thém vao cong thirc dau gia tri
tuyet dbi néu chi can biét dién tich. ‘
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Thuc ra cong thac tinh dién tich da gidc ma ta trinh bay ¢ muc trudc chi 1a
- <
hon ridno ecnia cAno thire (R T6)  Vide chimn i cong thire (8.16) can
ll\.ly 44w A d “ W L3 Y \U &\ xyv - ALAAL VVAAD vaawAN R} J

vrr s L ¢ P S .y & A ~ 1 24_ L ny R Al e A f oLl fadenln 4l ann ..,,A.

viau, Act auong uon lam U ban Ki ik, a g ro. ay CO pnuong Uil wiain S0
' PN N e &
(x =Rcost
ly = Rsint

véi ¢ € [0; 2n].
Ap dung cong thirc (8 16), ta c6 dién tlch h1nh tron:

' 1 2 - 2n ;
S—-zf (choszt+stm t)dt-—-z-sz dt = nR2,

&
R
an
(2}
9."
[=
S
-
=3
Qp
>
g
=
=
=N
&
o
QO
5
A
N
H
S
R
w
~
W
3
koI
BN

a) Dudng tron ngoal tlép tam gléc

Tam ducmg tron ngoai txép tam gxéc ABC la gxao dxem cua hai ducmg trung tryc
thudc hai canh cia tam gidc. Pudng trung tryc cua canh 4B duge xé4c dinh thong ;

qua trung diém M (A”Bx Ay18y ) cua canh 4B va vectc chi phu‘cmg Ia vecto

2 o2
' phép tuyén cla duémg thang AB )

‘b) Duc’mg phan gréc

Pudng phan gidc cua géc ﬂ duqc xéc dmh thong qua dang bleu drén (P d)
trong a6 P chinh 1a dlem B con vecto d xac dinh theo cong thirc sau :

“A e
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AVRY o W OIGIrS A &3
J TAUONE uon nvi-u

)

Tam Cfla'dubng tron ndi tlép tam gidc ABC c6 thé xac dinh b%mg- cach tim giao
dlém cua hat du'o'ng nhan mac luv nhlen ta co the su dunq conz thu‘c toan hoc

dé xac, dmh toa d9 tam cua duérng tron ndi tiép chinh 1a toa do cua vecto:
Q. ()A+h DR-l-r,nf'

WA

a+b+c

trong d6 O 1a gbc toa d6. .-
Bén kinh dudng tron ndi tiep bang

- ) A waAd Ahee A 2o alim Widi #1he A & sXorn dememi An ihe havr .
F gl r1r2 I'n va Ill?t UICIIl A dy (97 §2 DICL UICIIL A LU 11alll UIIS ia 51“ 1L y
khong
Thudt todn

tr dlem A, xéc dmh mQt tia goc A khong di qua dinh néo cua da gidc, goi tia nay
14 tia AB. C6 nhiéu cach chon tia nay, chéng han nhu chon ngﬁu nhiénn + 1 tia
d6i mdt khéc nhau, khi dé chﬁc chan s& cd mot tia khong di qua dinh nao cua da
gléc Tuy nhién trén thuc té, phuong phép thyuc dung té ra hi¢u qua hon: sinh
ngiu nhién mét tia, néu tia d6 d1 qua mgt dinh cia da gidc th1 sinh ngau nhlen '
mét tia khac va thu' lai.. : -

Néu tia AB cét canh da gxéc mdt s6 1¢ 1an thi diém A nﬁm trong da gléc, nguqck "
Iai thi diém A nam ngoai da giic.

Tét ca nhimg ki thuat tim giao dlem xac dmh tia 43 duoc néi dén trong céc bai
truée, ta chi tong hqp 1a1 cac ki thuat néy de lap trinh gxal bai toan diém nam
trong da giac.

Input L ‘ .

~ e Dong thir nhét chira so nguyénn < 10513 56 dlnh cua da gidc va hai sb thyc
xA,yA twong img 1a hoanh d¢ va tung 43 diém 4;
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end; . R -

program PointInPolygon;
1 uses Math; :

o . end;

TVector = TPoint;
var . i

p: arrayl[l..maxN + 1] of TPoint;

n: Infeger; A, B: TPoint;

Inside: Boolean; K :
function Vector(x, y: Float): Tvector;
begin . B AU TS

Result.x i= x; Result.y :i= y;
end; IR DI
//Phép tri¥vecta - ... o .
operatdr -(const u, v: TVgctot):’TVégtbrf
begin S

Result.x’ i= u.x - V.x}

Result.y = u.y = V.yi
‘end; '

//Tich chdm ctia hai vecto ..

" | operator *{conbt’u,lv:“TVéctdr):'Fléat; fp:

begin ‘
Rgsult 1= u.X f v.X + u.y * v.y;.

e n‘

//Tich ehéo ciia haivecto’ L S
operator ><(const u, v: TVector): Float;
begin e - g ‘
Result := u.x * V.y. ™= u.y * v.x;

| end;




. a Ihtare
e WA WAL il TL gy

ar i: Integer:

var 1 ceger; ,

Inonrwd e s
U'!dpll

ReadLn (X, vy):
end; ‘f .
pin + 1] :=pll];

| //Kiém tra diém nam trén doan théng :

' functxon OnSegment(ccnst P, Qs TP01nt) Boolean;
begin. '

Result := IsZero(P >< Q, epsilon) and (P * Q <=

end;

¢

1 #/Tao tia
| procedure MakeRay;
var o -
OK: Boolean; » v , $
- 1: Integer; ' ' X
begin ' ‘
. TSpeat : _ o
.. OK := True,.B K 1= Rgndom;,B,y’;= Random;

for i := 1 to h do
if IsZero((B - A) >< plil, ‘epsilon)' then
begin: SR L T SR

‘

| //Biéu dién tuyén tinh..

functxon SolveSLE(const a, b, c: TVecto): TVecto;

‘var D Float, R P A
|1 D:i=a >< b,, o ‘ *
| Result = Vecto((c >< b)/D, (a >< c)/D);
end; : SN ' '

’//I( mm tra tia r'd,t can 1 da gg_/jc o _
funct;on Cut (e ét_C,‘b: TPoint):*Booleah;
var r: TWecto; ~ PR

N



—,

r := SolveSLE(B - A, C - D, C - A};
Result := (r.x >= 0) and InRange(r.y, 0, 1):
end; '

function Check"Boolean;

e wn gy e g e

Vel J. J.ut.cgv:;.,

begin

for l ;=1 ton du/ . .

- if OnSegment (p{il, pli + 1]) then Exit (True);
MakeRay; :

Regult :=.False:

for i := 1 to n do - : : ,
Jif Cuttpli), pli + 1}X‘thqn:Result := not Result; -

end; g : ' ‘
//Chiong trink chinh
BEGIN , e
SetExceptlonMask([Low(TFPUExceptlonMask) High(TFPUExceptionMask)]);/
1 Enter; : :
'if Check then erteLn( Inside the polygon')
else WriteLn('Outside the polygon'); '
'+ END., ’

hk 'x -
g ’ ‘
m Q (cb th trung nhau) Tim cép diém’ trong Q c6 khoang caich

iém
é

3. Tim hai di
Cho mét ti tp di dié
nho nhat. |
Néu kiém tra tit ca cic cép diém ta s€& ¢ mdt thudt toan vm dé phuc tap OND).
- Thuét ton sau diy c6 d phirc tap O(NlogN) g1a1 quyét vén dé bing céch chia
dé tri. Vi mot bai toan kich thirde N, ta dua ve thuat toén glél ha1 bai todn nho .
kich thuorc =, va két hqp két qua trong thon gian O(N). S 3
- Q dugce bleu dién bai hai méng da sép xep X (theo hoanh do) vé Y (theo tung do)
Thuat toan nhu sau:
Bude 1 Dung mat du'ong thing dung d, ta'cd the chla dm (0] thanh Q; va Qz Cac
~ diém nim dung trén d c6-thé phéan bd tuy ¥ sao cho Q1 va Qz can bang.

Budce 2. Goi d¢ quy tim khoang cach ngén nhﬁt d trong Q; va dz trong Qz bat
do= min(d,,d,). N

Budéc 3. Ket qua tra vé s& la do, _hoéc mot glé tri nhd hcm dy neu tdn ta1 mqt dlem :
trong Q) va mot dlem trong Qz c6 khoéng céch nho h(m do Cac dlcm nhu
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N k3 ~ L B
rher nhi ~A +a8 e dormin e Lrla o den nhal A b et tlaXear o Tlome 42 Leen
vy chi c6 thé ndm trong khoéang céch dy tir dudng théng ¢d. Tim tdp ho
- SO TS S VI oS WO Y S WY LU ¢ R A P2

v s

k-Bu'éc‘.zl v & mdi diém: P tronz Oy, ta-xét kha nanz Py 1a dau mut phia trén cua
- cgp-die em gn nhau nhat ‘Nhuvay, diém con 1a1 phai nim.trong hinh
©. +  chit nhat dy x 2dy co canh trén di qua P, Hinh chit nhat nay cé tbi da

bén diém trong Q) va bén didm trong. 0,. Do d6 né c6 t4i da tam diém
trong Q. Nhir vy, ta chi car kiém tra khoang cach cia P, den bay diem

theo sau né trong. Yo R
1 Bu-ac 5. Tra vé khoang céch ngan nhat tim duqc v

Tai bude 2, ta cin X5 Xz, Yl, nh tuong u'ng cho Ql, Q2 Cac mang nay co the
duqc smh ra trong thoi gxan OW). . R

Tai bu(’)'c 3 Yy cling duorc sinh ra trong O(M bi’mg h dgc tudn ty man Y
loai ra céc diém cachxad. ' :

Céc budc 1, 2, 3, 4 ddm bao chx phi xu Ii O(N) tai m01 lan de quy, tir dé chota
'thuat toén b do phuc tap O(MogN) ’

W‘

do

PN

Khéng thé - dua
thém mft diém
‘RAo . vdo bén

7 o | (@ | trong ma vin

B R ’ ~ 1 dam bao’ khoang
, e o _.céchtﬁlthleudo R
Hinh 8.10. Khadng cdch téi tlliéu _ LY —%

Minh hog. Do cac diém trong 0, c6 khoang cach 161 thleu do, t P; tro xuong Chl‘
€ t01 da bén dxem thuqc vé Q. : o . :

4. Mptsé thi tyc co bin

a) Klém so4t sai s6

Khi tlnh todn ¢dc cong thtrc hmh hgc tréri mdy tinh, ¢6 rit nhidu phiép tinh khong”
‘thé dat dugc o chinh xéq tuyét déx nhu phép chia, phép khai can bic 2... Ngay |
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ca nhitg phép cong va nhin sd thuc trén méy tinh ciing phai chiu sai s0 & chix
TS RRINAE PN Syeip TE LSS 2R LAy 2 AR S ¥ bt ]
<A A nohfa oA otma ; - t o
W Wiy l‘s‘““:vwl "Umls ' .
Qi el tenng. odo nhin tinh & thi AZn t4i ahidn nhila tad] vi tha nhai oA nhirono
Sal SO wong-Cac pnep tinn o inc Gan il naicy pxicn toal, vi Ul piai Cu piidolig
s AR L rg e AV A s s Lo r e 2 Ll oLt Res aliaea 15
pnap ac KiCIn soat sal SO nay uong qua Uii-irim wail. ~iiul Dgiielil Chully, la
i INTA IA 10 A a1y 4 A A a I O E S R SR T ST I & Lo A
o €u'au {1gu vao ia ¢ac so nguyen; ia co gang ung cac pnep ina 1oan so
aviir A AR Akt W S A L LR A
lguyc acn cnumn l CUIl CU LI JdUuyy
e Neu bﬁt bu@c phal tinh toan SO thu’c, trong mQt SO tﬂfoﬂg nqp ta Can pnal OU
&

Vidyta sé"viét him OnSegment(xA, yA, xB,yB, %C, yC) 4 kiém tra xerh diém
C = (xC; yC) ¢6 nam trén doan théng AB v6i A = (xA yA) B = yB) hay
khédig’- < § 5 . LA . ot

Const ep31lon = 1E-6; .
function OnSegment{xA, yA, xB, yB, xC, yC: ‘Float) : Boolean;
var : o= ‘
%1, yl, %2, y2: Float;
begin ’ : e
- .x1 1= xC - xA; yl := yC - yA: /xl, yl) =vecto AC

yC - yB; /2, y2) = yecto BC

X2 1= xC — XB; yZ,:

Result := '

‘ ‘ (Abs(xl o y2 - x2 yl) < ep51lon) and - R
' (xl*x2+y1*_y2S0)

haY

end;

Viéc kiém soét sai so khong phai luc nao ciing cin thuc hién. Cu thé trong
truong hop tren ta chi klem so4t sai so trong phép so sanh AC x BC 0Oma
khong cn kiém so4t sai s trong phép so sénh AC.B . _—C" < 0. Li do 12'b&i vi ham
OnSegment ban thin né 4 c6 sai s (néu diém C niim rét sét doan théng AB
nhung khong nim trén doan thing AB, him vén c6 thé 1ra vé gia trj True) va sai
s6 ciia phép so sanh AC.BC<0 duqc tinh lu6n véo .sax sb cua ham

b) Céc thi tyc, ham thuong dung e ' 3

Mét trong nhfmg kho khin gﬁp phai khi gléu quyet cac béu toén hinh hgc tmh
‘toan 1a ta phax lam viée véi so thyc va thuomg &dp. nrueu sau sot trong khi 18
trmh vi chucmg trinh thuérng rat da1 vé cén pha1 cﬁx dat t1 mi, ch1 tiét. Nhﬁ'ng thy
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e nay gilip ban trénh dugc nhitng sai s6t dang tiéc va gidp ban cai djt nhanh
céc thudt toan cho bai toan hinh hoc '
Typ@ Real=Extended;
TPoint=Record
X,y:real;
end;
Const Eps: Real=le-3;
© | ZeroPnt: TPoint=(X:0; Y:0);
'/* s0 sdnh hai sé thue ¥ " o
Function RealEéj(Const a, b:real): Boolean;
Bagin. . ' -
RealEqg: =Abs(a-b)<— Eps,
| End; a . ,
E‘unctlon RealMax(Const a,. b:Real\')‘:Réal;
.Begin- : C
If RealMore(a b) Then RealMaX'=a Else RealMax =b
_End; ‘
/* Kiém tra hai diém tring nhau */ R
Function EqP01nt(Canst A, B:TPoint) :Boolean;
‘Begin ‘ ' - v
EqPo:Lnt.—RealEq(A x, B.x) And RealEq(A.y, B.y): .
End, ’ \ : T .
/* Khodng cdch hai diém %/ L
Functlon Dist (Const A, B: TP01nt) Real;
Begin : ,
Dist.~Sqrt(Sqr(A -x=B. x)+Sqr( y~B y)),
End; R
{/* Tdng veclo ¥/ .
'Type TVecCart=TPoint; . _ .
Procedure AssVecCart(Const a, b:TVecCart;Var c:TVecCart);
Begin -
C.Ri=a,x+b.x; .
c.y:=a.ytb.y; ’
End; ;
/* Tich vé hwang "‘/ ‘ SR ; ’
‘ Functlon SkMulCart(Const a, b:TVeccart):Real;
'Begin _ ‘ ' :
‘SkMulCart:=a.x*b.x+a.y*b.y;
End; :
Type TVecPol=Record
, rst, angle:Real
" End; g .

A TALLIGU..TINHOC (Q3)
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Var rs, “c:Real
Begin ‘
‘rs:=8qrt (Sqr{x)+Sgr(y)}):
If RealEg({rs, 0) Then GetAngle:=0
T s
TUNA- A~
Rass
uvs-sln ;
ci=x/rs;

“If RealEq(&; “0) Then c:=Pi/2

Else c:=ArcTan(Sqrt(Bbs(1-Sqr(c)))/c);
1f Realless(c, 0) Then c:=Pi+c; ‘
If Realless(y, 0) Then c:=2*Pi-c;
‘GetAngle:=c; o ’

End;
End;
.
" PR ; . *
/* tog dg Dé-cdc chuyén sang tog d¢ cuc */

Procedura CartToPOl(Const a: TVecCart iVar b: TVecPol),
Bealn
b.rs: ~Sqrt(Sqr(a x)+Sqr(a y))
.b.angle: —GetAngle(a X, a.y);
End;
/* Toa do cuc chuyen sang taa do Pé-cdc*/

‘Procedure PolToCart(Const as TVecPol Var ‘b: TVecCart)

Begin
b.x:=a. rs*cos(a. angle)

b.y:=a. rs 51n(a angle), , S o L

End;
Type TLlne—Record )
A,B,C: Real ' ) ,
End;. c : : ‘

7* Viét phuong trink dwong thing di qua hai diém */
Procedure POlntZToLlne(Const v,'w Tp01nt Var L TLlne)
Begin ‘
L.A:=V.y -W.y;
L.Bi=w.x- v.y;
L.Ci=={v.x*L,A+v. y*L B),
End; , BEEE

]

.
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/*fhndhnnothﬁnarnkhnrnhuﬂnohnvkhnna*/

2lr SSUTT TR U Bieies predlUiegy THey SRS

'} Function CrossLlne(Const Ll L2: TLlne).Boaloan,
VVar st:Real;

;

Begin N . .
. st:=L1.A*LZ. B- L2.A*L1.B;

CrossLine:=Not RealEq(st 0):
End;

/* Giao diém hai duo‘nz thdng ¥/

Procedure Line2ToPoint (Const L1,L2:TLine;Var P: TP01nt;,‘ '

Var st:Real;
Begln
=L1.A*L2.B-L2.A*L1,B;
.x.=<L1.c*L2.BeL2.c*Lq.B /st;
‘ P.Y:=(Ll.A*L2.C4L2.A*LlfC)/St;
End; ' '

/* nnnnnn i3 Lot neas L
l i gluu UICIII nagi uuony umng

Procedure FlndP01ntCross(Const fL, fR, sL, SR:TPoint;Var rs:TPoint);

Var L1,L2:TLine;
Begin oo : . .
P01nt2ToL1ne(fL fR Ll), PointZToLine(sL,sR,LZ);
-If CrossLine(Ll, hé) Then Line2ToPoint (L1,L2,rs)
' Else rs:=ZeroPnt; V :
End-,
/* Input: 2 dogn thang nam trén cung duong thd‘ng
Nhiém vu: Kiém tra vi tri twong déi :
Output: 0: c6 1 diém chung; 2: cd 1 doan chung;. 1; khong giao nhau
¥ ; - - ’ :
Function SegmLineCross (Const fL,fR,sL,sR:Tpoint) :Byte;
‘Var Minf,Maxf,Mins,Maxs:Real; ' :
| Begin | : ; ‘
 ‘Minf:=RealMin(Dist (fL,ZeroPnt), Dlst(fR ZeroPnt)),~
Maxf:=RealMax (Dist {fL, ZeroPnt), Dist (fR, ZeroPnt));
Mins:=RealMin (Dist (sL, ZeroPnt),Dist (sR,ZeroPnt)); .
Maxs:=RealMax (Dist (sL, ZeroPnt),Dist(sR ZeroPnt));
If RealEq(Minf Maxs) or RealEq(Maxf; Mlns)
Then SegmLineCross:=0 ‘
Else N ' .
If RealMore(Mlns,Maxf) Oxr RealMore(Mlnf Maxs)
Then SegmLineCross:=1.
Else SegmLineCross:=2;
End; -
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T1 1
L1,L2:TLine;

Begin ,
Point2ToLine (fL, fR,L1);
Point2ToLine (sL, sR,L2);
“1f Crossline(L1l,L2)Then -
Begin
Llne2ToP01nt(L1 L2 rs)
If EqP01nt(rs fL) or EqPoint (rs, fR)

Or EqP01nt(rs sL) Or EqP01nt(rs SRy '~',“:
Then SegmCross:=>5 ‘ 2 e
Ell.»

If AtSegm(fL, fR,rs) And AtSegm(sL,sR,rs) Then Sengross--7
‘Else
If AtSegm(fL, £R, rs) (e} AtSegm(sL sR, rs) Than Sengross =6
Else Sengross.—4' .
n.no. :
_Els.
'If EgPoint (L1, A*LZ B, L2 A*L1. B) -
And Not (EqP01nt(L1 C,; L2. C}“
Then SegmCross:=3 C g
Else. Segmcross.~SegmL1neCross(fL fR,sL,sR) R

3End;

/* Duong thing vudng géc "‘/ :

Procedure PerLine(Const n'TLlne 'Const b-T TP01nt,Var L: TLlne),

Begin S J
L.A:=n.B;

L.B:=n.A;

1 L.C:=L.A*P,X~-L. B*P Y

End; e
/* Khodng cdch tie mgt diém dén mot duong thdng L/ oo
Function DlstP01ntToL1ne(Ccnst P: TPOlnt Const L: TLlne) Real;

e ‘
‘AP, x+L B*P.y+L. C))/Sqrt(Sqr(L A) +Sqr (L. B)),‘

- { . NG . . - f




[227 Yy N PR SR I Y N Sy
Aeml a dieu Rien ot aar, 'i 1amg K
Function IsTrian{Cénst a,b,c:Real):Boolean;
| o PP S B
Begin o
‘IsTrian:=RealMorelatb,c) And RealMorela+c,b) ;
' And RealMore (b+c,a);
) L ) -~
ki,
/* Dién tich tam gidc bang céng thicc Hé-rong */
e . A o o F oy Sy 1 e T = T v o™
runction S5J{a,b,Cc:Real) tReal;
¢
Var p:Real; *
Begin
[ I TP N ) Qs e Qemnde ok £ oo -\A*I__L\.’A_.IA__"_\\
Pe=aTOTC) /47 og.~oQlIL (PT {p~a)} " {pPp~D) ,(p Cl)y

End;
/* Dién tich tam gidc khi biét tog d
.Function SquareTrla n (Const
Begin
SquareTrlan = Abs(pl x*(p2 y- p3 y)-pl y (p2. x—pB x)
+(p2. x*p3 y-p3.x*p2. yviN/2y;

- s , . -,
End; : o g R

[

p ,p2,p3 T901nt),

_ =(a+b+C)/2; GetHeight:=2*Sqrt(p*(p4a)*(p—b)*(pfc))/a;
’End; ) : o \ i
/* Tim d¢ dat trung tuyén L%
Functxon GetMed ({Const a,b, ct Real) Real,
Begin . N
' GetMed'—Sqrt(Z*(b*b+c* )-a a)/2
End;
/*Pé dai duong phdn g:dc xitdt phat tu'mat dink 16i canh dtft dién c6 dﬁ dai b&ng a*
,,Functxon GetBls(Const a, b o} Real) Real,
| Var p: Real L
A Beg:.n f' ; P : )
:=(a+b+c)/2, GetBlS'—Z*Sqrt(b*c*p*(p a))/(b+c),

:En‘d' ST 4‘
'/* Bdn kinh duang tron ngi nep "‘/ , ;
Function - GetRadIns(Cbnst a,b,c: Real) :Real; ,
‘Var p: Real' Velunty o I L EES LR
ﬂegln ) : R

p: -(a+b+c)/2 GetRadIns —Sqrt((p-a)*(p-b)* p= c)Ap),/‘
End;

ol

R g
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/* K:ém trad

Function I Pollgonsimple o
{Const A Array Of TPoint;Const N: Word) Boolean;
var i,j:Integer; - o
pp:Boolean;
Begin -
pp:=True;
ii=1; . .
While (i<=N-1) And pp Do
Begin '
Jr=itl;
While (j<=N) And pp Do
Begin
Case Sengross(A[l] A[1+1]] A[j] A[3+1]) ‘Mod N
of 0,2,6,7: pp: —False,
End;
Inc(j):
End;
Inc(i);
End;
e IsPoligonS;mple ‘pp,
| End;

c) Thu vién Math va cc h&ng s6 khong xéac dgnh .

Free Pascal cung cép thu vién Math @& hd trg cho ¢4c phép tinh to4n hoc chuyen '
dung. Ngoai mt hé thong phong phu céc thu tyuc va ham, thu vién Math cung:
chp-ba hing sb dic bigt Nan, Infinite va Neglnf inite.
e Nan twong tmg véi mot sb thuc khong x4c dink (Not a Number), trong thu )
" vién Math, hing Nan dwoc khai bdo béng 0.0/0.0. v
e Infinite tuong tmg véi hing sb thye +co, phep chla mot ) thue ducmg cho
0 s& cho ket qua bang lnf inite. o
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mwrasram TaaotDi )
program TestDivl;
| uses math; ’
V&r .
X, Y, z: Float; e
Zero: Float = O;
’ begln ; ' S c x ’
SetExceptlonMask([Low(TFPUExceptlonMask) .High(TFEGEXceptiQnMask)]);
x 1= 0/zero; : L a
27 o= 1 /oavrm: "',3’
Y N LS LATLT,
CzZos= -2/zero,

© WriteLn(x):; AUnraAhn ,
Writeln(y); /Inra+inf
| WriteLn(z); /nra-Inf

: end. , . , . : .
Ba hiing sb nay rét tién dung trong viéc 1ap trinh cac bai toan hinh hoc, chiing
han khi t1m giao dlem cua hai duong thang, néu ha1 durorng thang d6 tring nhau,
ta c6 the gan toa do glao dlem la (Nan,Nan) ‘con néu hai dudmg thing song
song véi nhau, ta c6 the gén toa do giao dxem la (Inf inite; Infi inite). Chuorng
trinh’ chmh chi viéc g01 ham de lay toa d9 glao dlem, sau do klem tra cac toa do'
c6 khac Nan va khac Inf lmte hay khong de xw Ii tlep

Nhfmg chu y. sau rat quan trong kh1 su dung cac hang Nan Inlfmlte va

Neglnfmtte ‘

- Viéc chla cho'0 dé léy hang Nan, Infimte NegInftmte, cling nhu v1ec; ‘

.80 sanh truc tlep v6i cac hing sé nay; <hi thuc hién dugc trong hic chay )
: (run-txme) néu ta a3t lai thiét 1ap trong bo d%mg xi If toén hoc bang 1énh:

i : SetExceptlonMask([Low(TFPUExceptlonMask) High(TFPUExcept;onMask)]),

- . Vigc chia truc t;xep cho 0 gén, so. sanh cac hang ‘Nan, Infinite,

NegInfinite voi mét bién sb thuc chi duoc phép viét khi dick: i:huang
‘trmh & che 40 ¢ 'ER- 0-1,t4c la tit ca cac phe do. lnem tra tran nlmm viva

tran sb hoc phai dugc tit. Tuy nhién, v1¢c tat hoan toan Qhe dd, kiém tra

39



thu vién Math: .

u Hiam IsNan(x): Boolean: Kxem tra s6 thuc x cé pha1 béng Nan
hay khong.

s Ham Islmfmlte(x) Boolean Kiém tra s thyre x c6 phai bang

Infinite hay Neglm finite hay khéng: ‘

Ham JeZo (x e nnnlan«n Kidm tra

4 hChai1 lDuGl 1.0 DUV Aniwilili wuQ

N
.
=
Q
-~
by
Qs
[~
34
=
-y
(]
(ol

| d) Thu vfén Matrlx

Trong céc bal toén vf dy, chung t61 chi su' dung thu' v1¢n Math de h3 trq cho vzec '
tinh toén du'qc ngan gqn Néu, muon thuc hn;n cac tmh toan hinh noc pmrc tap,
ttén khéng glan nhiéu chiu, ban c6 thé sir dung thém thv vién Matrix. Thu vién
‘ndy cung cap chc phép toén thao téc truc tlép trén céc vector vama tran tinh tlch' -
ma tran, ngh;ch déo ma trén, dxhh thuc cua ma tran Vv »

: Hu:n tai, céc thuét todn trong thu vién ‘Matrix vin 13 nhﬁ'ng thuét toan tuan tu
Tuy nhién trong tuong lai, s& c6 nhimg phién ban v6i thudt todn song song, “sir
dung ki thuat da xir 1f d& ting téc qué trinh tinh to&n. Mot sé du 4n dang viét lai

- thu vién Matrix, ding sitc manh ctia hang nghin GPU trong card 4 hoa ¢é tinh
toén thay vi st dung CPU, céc phép todn ma trén duoc tang téc 1én hang tram
lan va céc chu'ong trinh sir dung thw vxgn nay theo dé ciing dugc ting lén dang

Baitap

8.1. Trén mjt phing cho mqt tam’ gide va mqt doan mang Tinh'd6 dai ctia doan

~ thing nim trong tam’ gléc



= 2 D I = 2 =

"Cho‘hai hl 1h chir nhét véi céc canh so ng song véi hé truc'toa d6. Mdi hinh

;‘Trenmatnhamz choNd1 em. Ha vnhanhoachNdlemthAnthanS. S‘; vers SK

o

~ sao cho dudng kinh 16n nhit cua K tip 1a nhé nhat _trong: 46 dudng kinh

8.6

‘8.7.

8.8,

809“

'mmtnnSln Lkhoano cich |& Ja

SD)\

t oifra cée cip rhnh thh ﬁ‘\n AR

& x\lxuulxe WAVl AVEL LG BIMG v AERRS uxu

Trén mét. phﬁng cho N diém d6i mot khac nhau Hay tnn hai trong N dxem
sao cho dudng ‘thémg di qua hai diém d6 chia mat phang thanh hai phin ma
56 diém thuéc hai nira mt phing 1éch nhau it nhat.

‘Tren mit phang cho N diém: Héy tim tap it nhat cac duong thang sao cho

mm diém trong N dlem da cho thudc it nhat mot ducmg thing.
Tren mat phéng cho N diém. Hay 6 N dxgm thanh-mg‘)t mang lién ‘th/(‘)ng ‘
o o ‘ .

x

X : - ey o
Uaug cac uuau umug noi cac cap a c

dugc | n01 12 nhé nhat.

Trén mat phéng cho N hinh chu nhat cd céac canh song song véi hai truc

toa d9. Hinh thir 7 xac .dinh béi hai dinh d01 &5 y,) va (z; ;). Toa dd céc

dxem la nguyen, c6, gta tri tuyét déx khéng vugt qua 104 Khi 16 céc hinh
chit nhat nay béng .mot mau xanh, ta nhin dugc mot so phé‘m ‘mit phing

| : duqc to mau xanh Tmh tong d@ da1 cac duong bao quanh cac ving mau

8.10.

Tdm nhin

Trén mjt phéng cho N doan thing (I <N < < 1000). Toa d6 cac ddu mut. cia

. céc doan mang 1a c4c sb nguyén khong am khong vuot qua 20000, Céc dudng

théng thu duoc bang cach kéo dai céc doan théng da cho luén cit ha1 fruc toa
do va han glao dlem cung goc toa do tao thanh mot tam glac vuong can.
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-Ta noi i’fi'{i\f'fd‘ﬁﬂ‘ "hé“g la whin & c‘?j/ d"_ﬁ" ik g0c log dé 0, néu nim auoc
e A v oA 7 y .. 3 T e ALY 1T A v, 1 A, LA 3% pA & A
aiem iren no sao cho doan inang U. nong cal oat cu¥ aoan nao knac

r - 7 ~
trong $6.cdc. doan thang dd cha

Tnnrke Vi

anpu: vasG INT, INP
R e A AL S DU
o Dong dau tién chira s6 doan thang N,

N iong tiép theo chira bé sb nguyén khong 4m
nhau bgi-da 1, trong d6 (X;, Y1) 14 toz
© . cha ddu mut hit nhat con (X2, Y2) la‘l th do ua dau mat thu ha

X

X
a'do
cua

 Output: Ghi ra trén mt dong cia tép veorwt. our 56 doan thing nhin thﬁy |
duqctl‘x“géctoad@.g S R o L L o

Vidu: \ '

o VPOINT.INP = - VBOINT.OUT
4 ‘ 1 B
313 11 5 '
114 1 10 °~ 5| ’
10 14 20 a4}
5 . 6 10 1

8.11. Khozphucdaglac. T R

42

' 'Input Vio tir tép vﬁn bén POLYCON. INP:

‘Boém vé tren mit phing mot ‘hinh da glac tdng quét (dudng gap khic khep

km khong tur cit) voi céc canh song song voi cac truc toa, & va cac dinh.cé
toa 4§ nguyen Sau dé, vi Vo y Borm da xoa mat tAt ca cic canh thang déng

(canh song song véi truc tung). ciia da gidc. Ban hdy tim cach tir nhing

théng tin con 1a1 trén hmh v€ giup Bom tmh dién tich cua da gxéc da ve’
ban dau '

ad

e Dong dAu tién chua Nlasé canh nam ngang (canh song song véﬂ truc

hoanh) cua da giac da cho (N < 1000)

. M01 dong trong sb N dong txep theo chua thong tm ve mot cg.nh nim
ngang cua da giac bao gbm bén sb nguyénx, y, u, v du'oc ghx c4ch nhau
boi ddu céch, trong do (x, ¥) va (u, v) 1a hai c3p toa dd cua halydau mut



L - 4 a '4’\

“cua canh nam ngang. Gia thiét ang céc toa &0 1a céc sb nguyén co gia
tri tuyét d6i khong vuot quad 10

L

. Dong thi i trong s& 2*N dong tiép theo chira toa do dinh th i cua da
glac ducc lxet ké theo thir tu di vong quanh da glac theo chleu klm dong
ho (dmh bét déu duqc chon tuy ¥).

Vidu:
;_POLYGON ™we "POLYGON . OUT -
1131 ‘11
1333 13
MR 3y 30
- 31 e
8.12. anhnm SRR A

A e A e e aal s g oty AL
Ulnﬂ nul DU lﬂe nnln iy UUQL 0 Dﬂdl'l lr(fl CI11 K1l no lulong Ul Cne Kﬂuat

| boi mot ngon nti khéc hay 1a duorng v1en cua nd khong bia 4n trén nén mot

, 'ngon nti khac. (na thiét rang tht ca cac doc nuai deu co goéc nghxeng 1a 45°
: dong thoi cho biét toa do va dg'cao dinh cua tat cé cac ngon nui. Can X4ac
- dinh s6 lugng dinh niii nhin thay duge.” A :

' Input'~Vao tir tep véan ban’ MOUNT INP:
“0 Dong dAu tién chua s6 nguyen N (l < N < 10000)

| . Mai dong trong N dong tlep theo, chua hai sé nguyen duorc gh1 cach
* nhau boi dau cach: d6 1a toa dg x cua dmh nui (0 Sx< 30000) va d¢ cao -
cla dlnh nii y@ < y< IOOOO) |

: ,Output Glu ra tep van ban uovm' OUT so luong dmh nui nhin thay du'gc

-
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Pé lam dep cénh quan Ban gxém dbc mot Cong .tl quyét dinh xay dung &

sén tién sanh tru s& coéng ti mot dai phun nudce. Bau phun nudc pna1 ¢6 dang

- mét hinh trdn véi kich thuée 16n nhit c6 thé d_uoc.riNha thiét ké duoe biét 12

san tidn sanh cia cong ti c6 dang mét hinh chit nhét kich thuée X x Y. Tuy
nhién, khi lya chon vi trf cho dai phun nuée nha thiét ké gip phz’u mét vén

| e phire tap: Trong san tién sanh ¢6 N cdt hinh tru tron xoay. khong dugce

phép di chuyen Vi vay me de dat ra cho nha thiét ké la: Cén dat déu phun

- nuée & Vi tri ndo dé né c6 b&n kinh 16n nhét c6 thé duoc ddng thén khéng

duo'c c6 dlcn uch chung khéc O vél céc cot Ban hay lap trinh gnup nha
thiét ke gléu quyet van dé trén. : ., .

Input: Vao tr tcp vin bén FONTAN, IND:

e Dong dAu tién chira hai sé thuc X Y1ls X Y.< 10% Gxé thiét ring sin

tién sanh 1a hinh chir nhdt trén mat phang toa 46 cé toa 49 céc dmh la
0,0), (X, 0), (X, Y) Vé (o, Y) '

| 0\7 'Dong thir hai chu'a so nguyen N (0 < N < 10) 1a so luong cot trong sin-

tién sénh

" e Dong thir i trong sb N dong tiép theo chu'a ba s6 thu'c X,, Y, va R cho biét
" toa 6 cua tim va ban kinh cua cot thiri (R; s <X <X R, R < Y <Y-R,

oj1s1e,~s mm(%,%) J(X X) +r-v) 2R,+R:v6imoii¢j).

Cac so trén mot dong trong tep dfr hgu duoc ghi cach nhau“om dau
cach. -, v :



p xuc voi

N

cp

E

trong sin, dug

4.

- A . . AW
1.dugc dat

ép ticp

e AL

.ph

o

N~

tudng ciia sdn hodic ct; nhung khéng dugc ¢é dién tic

’

a

~

-

E

a

Vidu:

b g
L) ]

o ™0 1m.

o I B 1]

o - SO O

[Ty} O i ad

. 1 €

oo le | B o
Do Do o
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- La tap thong tin vé tro chm tai tung thoi dlem Nhu'ng vi tri chira dung nhleu kha-
nang din téi chién thing cho ngudi nao di t6i duge néd gm 1a nhitng vi tri c6 lgi
(cho ngudi choi chiém dugc lgi thé). Ngu'o‘c lai c6 nhitng vi tri'chtra dung nhiéu
’kha nang dan téi thét bai cho ngudi nao di tm no-goi la nhung vi tri khong co 19’1
(nguoi ChO‘l bi vao thé bat lorl) :

2. Luat cho’t

La nhimg quy dinh cho phep nguoi choi thuc hlen cac phép bién doi. chuyen trd
choi tir mdt vi trf hién tai t6i mot vi tri khac. Mot buoc dihop ¢ 12 mdt phep bién
déi theo dting luét choi. Vi tn két thuc lavi tn tir né. khong the dl chuyen tiép.

3 Tro choi doi khdng

CLatrd chol hai ngucn khi- mot ngum choi duogc lgi thé thi ngum choi kia s& gip

‘bat lgi. Nhitng trd choi nay chia 1am hai loai: trd choi c6 thong tin ddy du va trd
- choi ¢6 thc‘mg tin'khong déy du. Sy phan chia nay duaf’trén\cd & ngudi choi ¢
biét diy du moi théng tin vé vi tri hién tai cua dbi phuong hay khong Chéng'
han, c4c trd choi voi thong tin ddy du nhu cd card, cd tudng, cd quoc té; cac tro
choi véi thong tin khong day da nhu tro chm danh bai (nguoi choi che dau
nhitng quan bai khong cho d01 thu blet)

4. Trong moi tro choi, qud trinh ChO’l co the duorc bleu didn duéi dang céu truc“

cdy c6 hudng (461 khi 1 dd thi c6 huorng) gm 1a cdy tro ChO‘l Nut cua cac cay

nay biéu dién mot vi tri trd chm (nut gbc la vi tri khéi ddu, nit la 1a vj 1ri ket
AAAAAAAAA P DY PR AN O e

thuc). Lung ()] Iren cay thé men mdt budc di hop 1€ ¢ u‘yéﬁ tu mot vi tri 7 dén
vitrij ke tiép. '
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TR TS Y TP BPY S SO - CUEE TN S
. 1ro cnoil 10 ngp can pang
b & l Iﬁ py4
i. Mota
Tro choi t6 hop cén bing 14 tro choi dbi khang thoa man nhitng diéu kién sau
e Co hai ngudi choi (nguoi di dAu ki hiéu 1a 4, ngudi kia 13 B); )
V -' '(‘/\ mAt tan hiv ]f\(,»“ n‘o‘in A ¥21 ‘i‘r{ nA tha vay ra Y{nén’fronn thai n‘ﬁn ff)\ 'nl‘\m
- ) NV LLIUL LG 11Uy ngl.l,"\f(/&\'f ¥l 1&1:‘1 W\ Miv AQ ' AQ \‘\4('1\1 ?lg-lls l-l»l‘al'} vua’u.u iUl
e Cb quy ludt choi Q. Quy luat choi 4p dung cho hai ngudi choi 13 cén
r?.’_ "‘IVJ -2 g ~ S it ~ 3 . ‘T’ ;,‘I ‘D“" adachd “" wpes
bang nghia la mdi ngudi choi den luot minh déu c6 quyén chon mét phép
di chuyén hop 1& tuy y.
e Hai nguoi chm 1an luot, m3i 14n thuc hlen mdt phép di chuyén hop 14.
e Trd choi két thic khi dat t6i vi-tri két thic. Thong-thucmg quy dinh ngudi
di chuyén duge cudi cing 12 ngudi thén‘g, ngudi nao dén lugt ma khong
thé di chuyén duoc nifa thi thua (mot s6 trd choi cling c6 thé quy dmhf
~~  ngugc lai). :
. Neu tro ChOl khong bao .c.nor ket thuc s€ co rnot thon.q bao rut tham Co

2

thé bb sung thém diéu ki¢n nao do de trd choi két thuc khong can thong

g P A ~
bhao rit thim nhar Tro choi <8 két h ic ]{I’\l a3 ch dn mr‘\f <A 13n r]: chn
bagr e xetrt du mot'sot 1cl

AW L WA% ALAGARAL KAALGEs A AW WAL A W Wy Real el W
> ?

nhfit_dinh (ké ca truong hop con bur c d1 chuyén nép, ..) ma khong déu

a) Téap.P, tap N va céich tim .

Pé thusn tién cho viéc xay dyng thuat toan (glanh thang) cua tro choi, nguoi ta
dua ra khai ni¢m tap P va tdp N. D6 14 hai tdp thoa man cac tm}l chét sau:

(a) Tat cd cdc vz tri két thuc déu thuge P

NN

(b) Tu m01 vr trz thuoc N luon co zt nhat mot dl chuyen 1Gi vz trt thuoc P

(©) T " moz vi trl thuoc P moz dz chuyen deu tm viri thuoc N

Hinh 9.1. Tgp Pvatfp N
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-~k ‘A

Néeu ban dau ddu thu A bi nhan v1 tri tnuoc Pthidc Kco dai tro cnorl cho dén
mdt thoi diém ndo dé trong qua trinh choi do B v6 § sao. ‘cho 4 co duoc vi tri

s

thude N thi aan'aen A fuén’ (11 vao vi trl thudc P (vay trong Iruong no’p nay A

Ta oA thd tim t4n cae vi-trf thude P va thude N bhina 45 m uy ) hl an:
AWM W LAAW VAAAL “.‘y WeAW VA ‘-lf “‘ Y ‘ "“ lAAuyv Fa vwl& Iﬂy 1 AEEADE. -
-'Buécha'mP-?@ Gén N @Np écvxtrxket hucvaoP

’ chung vao N

cnung vao iv. . I

'Bwa'c 3 Tim nhung v; tri chz co the chuyen dén cac v1 tn thu{ic nap chung

‘yan P
vav i ..

Bubc 4. Dimg timkiém.
b) Mﬁt 56 vidy

Vi dy 1. Tro choi Lam rang va phan chia.’
Phdt biéu: C6 hai chlec th, mit th dung m quén cg, th con ial dung # quan

cO(m, ne N ). Ha1 d4u thi 14n lugt choi. Mdi 1in dén lugt choi clia minh, dﬁu
tha do6 lﬁy hét quan co. trong mdt hép rdi dem cAc quan ¢ trong hop conlai chia
vao hai hp-sao cho m8i hdp phai co it nhat m{t quén. Ro rang trd choi két thic
- khi mm hop con mét quan Dau tha nao duqc choi lugt cu01 sé glanh chlen
. théng Hay tim céc vi tr1 thude tap P, cac vi tri thugc tap N. '

‘ ’Phan tich. Trong trd chm nay, m01 vi tri chm la mot cép ) the hxén §o quan cO
trong hai hop. Vi tri kh(n du 1A (m, n). Chung ta s& ching minh tép '

{(m', n")} m' va n' 13 sb nguyén le}

la tap cac vi tri thugc P va tap {(m', n Wm" hoac n 1asb nguyén chén} la tap che
_vj tri thug¢ N. Thét vay:

1-1

Trude hét, tnay vi tri két t'm"x '21 1,1) P

"\
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Bay. gitr gia sir (', n') € N-thi hodc m' chan hodc »' chin, Khong mat tinh chat
LA ) gy ta Iy . = Y R , 7 A LY Y -4
tong quat; gia s m* chan. Tirvi tri nay, chimg ta chon phép chuyén 13; lam rong
4 A T Bms £ N xrd pada b » A e WA N A Nttt LA
hép thir hai (chira »") va chia:m' ‘quén cé trong h{p thir nhat thanh hai phéan véi
s6 quan e& trong ¢4 hai phan déu 1¢ cho vao hai hép;.di téi vitri (s, m’ —5) v6i &

\ A 2 P y . v by ’ A ; A r -
lasdle(l <s<m-1),nghiald (s, m' - 5) € P; Vay tlrmdt vitri thujc N, ludn
tim dugc it nhat m‘t\‘ hép chuyén téi vj tri thudc P

AN 9

. ucp mcu gld DU \m i ) E l' Ilgﬂld. ld m Vd n QCU xe l\lﬁ?u lam rong nQp mu
nhat (chua m') va lay n' quan ctia hop thi hai chia ve‘xo ha1 hép va chuyen toi vi
tri (s, n’ —s) v0'1 1 <s<n-— 1 thisvan -sknongthe cung le (dotong cla
“chung bing #’ 13 so 1¢), do d6 (s, ' = 5) € N. Tinh trang tuong ty khi lam rong
"hqp th hai (chta n'). Vay moi phép chuyen tu vi tri thuoc P déu chuyen toi vi
tri thuc N.

Vi dy 2, Tro ChOl Ldy b6t qudn co.

Phat biéu. . lren ban c6 C quan cd. Co hai dau t.hu chorl lan luo’t M01 lan ngu’cn
choi dén luogt s& lay ra khoi ban tir 1 dén M quan 0. Nguorl thing 1a nguou lay
dugc quin co cu01 cung. Chuong trinh doc hai sb nguyén dwong C va M tir tép
vin ban vidu2.txt (C trong khoang tir 1 dén 10%, 1M <C), lép trmh v6i giao,
dién trén man hinh dé nguoi choi véi may (u'u tién cho- ngum di tmac) Vé‘l thuat
toan gianh thing cho may. :

Phan tzch Ching ta dung phuong phap phan tich nguqcr xét tu vi tri két thuc dén
vi tri khoi dau. Vi tri két thie 13- vj tri img véi sb quén c0. béing 0, day la vi tri
thudc P. Néu trén ban cdn 1 hodc 2... hodc M quén co thi dén lugt ddu thu nao lay
hét s6 quén cr trén ban co thi s& t6i vj tri két thiic va thing cudc; vay cé¢ Vi tri niy
thudc N. Néu con lai M + 1 quin cd, ngudi dén luot di lay kiéu nao cung ‘phai 8
'lai trén ban s6 quén cd 14 1 hogc 2.... hodc M, nghia 1atir vitriM+ 1 quén cé chi
¢6 thé di t6i cac vi trf thuqc N vay viti M +1 quén co 13 vi tri-thudc P. Bang
cach 1i giai twong ty, di den két lugn chung 13: céc vj tri gom 0,M+1, 2(M +1),
M+ 1) quén cg, ... 1a cac vi tri thudc P, céc vj tri con lai. (phan du clia phep
chia sb quan cdr hlen ta1 cho'M +.1 1a khac 0) thuoc tap N.

Chzen thudt gianh chién thapg Neu s6 quén cd C ban dau khong chia hét cho
M+ 1 (nghia 12 d4u thit 4 ban dAu nhan vi tri thud¢ tip N), thi 4 thing: m3i 1An
4. can lay sao. cho luon de lai trén ban s6 quan chxa het cho M+ 1 (ngh:a laA

mzm.uw:.mu,nocm) ) , 49



Juén budc déu thit B phai nhén vi tri thudc P d& B chi c6 thé di tiép den vi tri
~ thudc N). Nguoe lai, néu sb quan C ban diu chia hét -hg M+ 1.(4 ban dauovxj

Q"I\.)‘
F

u

i {56 ¢ quan ban
m, {bmwuﬁcucdbd

move, {sd qudn dupe chuyén ciia mor Ium}

‘ml’: integer; {m+I} *

OK :: boolean;
ptoéedure nhap;

var £ : text;
{ begin. s ‘

assign(f, fi); reset(f);

read(f, ¢, m); ml :="m+l; o ,
Writeln('Tong;éo quan:‘gc,'fQuan’chuyen toi da la:*,m);"
close(f); / ' : ‘ :

end;
?féééuﬁfﬁ thuatthang;
begin ’

move := ¢ mod ml;
dec(c, move),,td o . . v :
‘writeln('May chuyen so quan ',move,' so quan con:', C);
‘OK := not OK; ' o e o
end; :
procedure keodal,
begln L ;
dec (c, 1); ‘ ' k. ;
writeln('May chuyen so. quan. 1, so.quan con: ", c)i - y
| OK := not. Ok; . : v EIE ISR o
end; . L
-procedure nguoidi;" = L SRR
'begin o R ,
‘write ('Ban chuyen s0 quan."{; feadld(move);.“

- dec(c, move);

writeln('Se ocuan con i . .

writeini{ 50 guan con 1 ] i

OK := not OK; ‘
end;

50 ~ ABTAILIBULTINHOC (B3)



clrscr;
LT . !
nhap;
Atr s i a
UR = "True;
whisla ~50 A~
WAL R®E AV AN
L TR, {
begin
nemint Al
ll\:’uu,Lu.J—l
R - B WL TN WP T
1L CFU Lnen preak, .
‘iF c mod ml <>0 then thuarthang alee Lrnnrl:a1
I C mea « S2L Laen thuatinang @.8e <eocdail
: . . o R
: end,

‘4f OK’ then wrlteln( May thang ")
elqe wr;tgln( Ban thang '):
readln;

AT

Sau day 13 thuit toan lap. trinh tr6 choi dbi. khang gnanh théng cho méy kh1 tlen
hanh trd choi gitra. ngum va may-tinh:

A Thé hién giao dién chon dau thu di trude;
{blen OK = True la ngubl di tru(rc OK False 1a méy di trudc}

nv v Balaa-
TLaldG,

!\J .

T,ao,‘vi; tri ban dhu;
Thé hién vi tri ban diu;
. 'While (chua la vi tri ket (huc) do
" begin '
If OK then Ngwm dz
If (ket thuc) then Thoat khoz whtle
M (la vi tri thugc P) then May di keo daz tro chm
else May dz theo thudt thdng,
End;-
6 If OK then thong tin Nguoi thdng else thong tin May thdng,

Trong mdi chu'dng trinh con Ngwoi di; May di kéo dai tro choi, Mdy di theo
thudt thdng d8u ¢6 chung ndi dung la: Thé hién budc di va vi tri sau khi di, abi

oij tri hidn OK . Ridno trona chiraomg trinh o KAy i thin thiat thime cde t13d '
5 ue u.uvu AW I\AUILS tl\lllé \-uuuus uuul \lel JVlu)’ “us llGGU &uuu; umng bUll tuy

thude: tro choi, d4u tién cin tim buéc di gianh thépg cho thich hep.

AR

51



nt 7. 1A M aAL v A fore 1 A2 SR SRS NUEPIENCEE § S SUCIPUN VY. SO
Phat biéu. Cho t3p 5 gom hiru han cac s0 nguyen awong, gol ia fap fri. ireén
. Py A A . 1 . e g3 X s A s

m{t coc ¢6 N quén, hai dau thi 14n lugt choi, moi lan chuyén di s quén khéi coc

o - L SO R S S L T A gA - As a Ly abE o XTiAL Ak o dnlol

(s € S). Dau thi ndo dugc chuyén 1an cudi g thi thing. Viet chuong trinh
P , e - L % ~ :

théng béo cho blet dau tht di dau c6 chic thing khéng?

Fiia TAA S Aot Ia o

ll.lplll i1¢p wuu.) lfl[l BUIll liai UU.ll

e Dong thir nhit ghi s& nguyen dwong N;
. Dong thir hai ghi c4c sb nguyén duong trong tép tra S (sip tﬁng dan)

Output Tép vidu3.out nhu sau: Néu déu tha dl dau chﬁc thang thi ghl s6 1, néu ’
kh ng chic thénq thi ghi s6 0.

Phin, tzch Xét tro chm trir dan vé'l tap trix la S= {1 3, 4}

Trong trd chol nay, mdi vj tri cia trd choi la mqt 6 qudn con trén coc tax tung ,
thoi didm. Chéng ta tim tdp P clia trd choi nay: Co dung mdt vj trf ket thac 1a 0
d6 1a vi tri P. Do d6 cac vitri 1,3, 4 s thuoc N vi tir chiing o thé chuyen t6i 0.
Nhung v; tri 2 thuoc P v1 tr2 c6 duy nhat mdt phép chuyen den 1 (la vi tri cua N)
.Con5va 6 phal thudc N vi n6 cé the chuyén dén 2... Chung ta s& mg rQng ket
~ luén bing quy nap va tim duge P ={0,2, 7, 9, 14, 16,...¥ 13 tp cac- ) nguyen
khong' 4m khi chia cho 7 con du O hodc 2. Con N chira:: céc sb con lal
N{1345681011121315} :

“Nhan xét. Khi 18p trinh, de tim duqc cacvitri P va N trong tro chm nﬁy chung ta
c6 thé ding phuong phép dénh. déu trén mang mot chleu 4. : '

ifoj1{2(3]4|5|6]|7|8]9f10]11]12 13;, 14|15 16
pIN|P|N|N|N|N|PIN{P|N|N|N|N|P|N|P
Aip|1|ojt1jolofojojr{ofr{olojojol}1|oll

© Vé6i vj tri i thudc tip P thi ghi nhan 4[i] = 1, néu i thudc t4p N thi ghi nhan
A[i] = 0. Ngoai ra céc sb thuc tap trir S duoc luu vao méang mot chiéu S (gia sir
c6 m sb thude tap trir). Ban dAu khoi tri A[O] =1; sau. 46 xét céc vitri.itirl dén n.

Véi mdi vistri 7, ching ta duyét tat e céc Vi tri cd the di. nep theo' tri, d6 la cac

: - A P
v1 tri i~ S{/} (/ tu 1. dén-m ln}, uéd tha'f *é* Ca cac: VE tﬂ. i - C’l’ﬂ ﬁé" ﬂ""“" tﬁn N

(nghia 1a A[i — s[;]] -0) thi vj tri-i'chinh Iét Vi tri thude tap P. Ngu’o*c lai néu cé
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¢onst fi = 'vidu3,inp
fo = 'vidu3.out’;
max = 100000;
var n,m : longint;;;: s
a : array[0..ma%] of. ldnglnt,‘,,f
s : array[0..max] of longlnt,
f,9 : text;
i : longint; T Cees e
function la P(i : lohginﬁ)ikbooleah{

‘var j: longint;. ¢ Seai ﬁ‘“" fj'ﬂF
begin . ' / o
la P := false;
for j:=1 to m doii. -
if i-s[j]1>=0 then B
if a[i-s[§]17=1 then exit;
Lang:# true; :
end;
BEGIN

VQ§si§n(f,fi); reseti(f);
readln(f,n);

m = 0; . .
~while not eoln( ). do
begin ’
“inc(m); &
read(f stm]),
| end; . ;
' close(fﬁ, et gt _
for i:=0"to n do a[1] 0;
af0] :=1; o a J
for i:=1 to n do" R ST
if a[i]=0 then R‘.}

if la P(i) then a[1]:=
5a351gn(g,fo),:‘ S

rewrite{qg);..

if aln]= 1 then wrlte(g,O) else wrlte(g,l),
close(g);
END. L
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n Loele few b o bnd aleel FAL LlZoo b nde vAn Al e FAn
9 1g nnumng o Cnoi 401 Knang ta can Xac ajin Gugc
P vi tanN-ChAno vide nav cd thé dhroe oiai auvét dé dane hon nhd khai niém
LR A2t 2 AP SVRRE ViYW 28] WU LRV MUV g ARE Wy Wl e SaQalg LAVAL 2M2L%0 ZNRARL 222%eS
1A e N : . :

tu‘ls AN-2A1X

S6 14 hé thap phan viét dum dang co sd2la 111/0(2)
Sé 55 h¢ ‘thap phﬁn viét dum dang co b 2 1a 110111(2)

Téng Nim cliachingla: 111001 (2 57 trong hé. thap phan)

* "v'éy 14855=57.T hucmg ki hiéu pnep toan cong theo mddun 2 I D.
Vidu2

86 3 hé thép phan viét dudi dang co s6 2 1a ‘11(2,' e
- 'S5 5 hé thap phan viét duéi dang co s 2 ia 101(2) ‘

S6 8 h¢ thap phan viét dudi dang co s6 2 1a 1000,

g

"Téng Nim cua chﬁng la: - 1110 (12 14 trong hé ’,/thap phén)

Viy3@50 8= 14.

Trong ngdn ngir 14p tnnh PascaI ki hiéu phep toén €B (tmh tong Nxm) lé xor,
trong C/C++1a” S

Phep todn @ co tmh chit két hqp, giao hoan. Déc bxet
0@a=a,a®a=0,do déneu a@b qEBcthi b— c.
Cé thé tao ra tong Nim cua hai sb nguyen khong am x vay bﬁng cach lap bang

\

nhu sau: Tai 6 giao diém cua cht x va dong y. ghl x@y; do 1a s6 nguyen khong

4m nhé nhét chua c6 trong tap céc s6 43 ¢ tai céc d(,y)voil <x < x va céc
s6 ddcotaicac 6 (x, Y vdil <y <y. _Chp_ yo®y=y vax®0=x.
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:)5;\ 6 -1 2 3 4 65 6 7 8 9 10 ‘11 12
0 ¢ 1 2 3 4 S5 6 7 8 9 10 11 -12

1 1 0 3 2 5 4 7 6 9 8 11 10 13

| 212 3 0 1 6 7 4 5 10 11 8 9 14
3 !/3 2 1 8 7 6 5 .4 11 18 9 8 15

4 4 5 6 7.0 1 2 3 12 13 14 15 8
5 |5 4 7 6 1 0 3 2 i3 12 15 14 3
6 | 67 4.5 2 3 0 1 14 15 12 13 10

7 |7 6 5 4 3 2 1 0 15 14. 13 12 11

8 8 9 10 11 12 13 14 15 0 1 2 3 4
‘9| s 8 11710 13 12 15 14 1 0 3 2 5
10110 11 & 9 14 15 12 13 2 3 0 1 6
11 /11 10 9 8 15 14 13 12 3 2 1 0 7
12 |12 13 14 15 8 9 10 11 45 6 7 0

b) Trb chon Nlm chuén

Tro chai Nxm chuan nhu sau: Cé ba coc lan lugt chira -
X1, xz, x3 quén. Hai -ngudi choi 1an luot tao ra ¢éc budc
di chuyen quén. Méi budc di chuyen la: chon mot coc
tuv y con quin va lav bét mét ) quin 0 coc nay (tu’“ :
‘ mot'quan cho dén toan bo quén). Nguoi chién thing Ia
nguén lay duge quén cubi cung Trucng hop tong quat
¢6 s coc tuy y

H)nh 9.2,
Tn) clwi Nim chadn

) Dinh Ii Bouton

MGéi vi tri (x5, x2, x3) trong tro chm Nim ba coc la vz tri P khl va chi
khi tong Nim x;@xg@xg =0, S o

Vt’ du. Vitri (5, 7, 9) trong Nim ba coc ing véi tdng Nim 50709 = 11 > 0 nén
n6 la vitri N. C6 thé kiém tra thiy- v1 tri (4, 12,8)1a viti P.

Bmh li con ap dung véi tro choi Nlm co so cqc nhléu Thon.
Tu dmh H suy ra chlen thuat gxanh thang trong tro choi N1m chuin nhu sau:

Gla st vi tr1 hlen ta1 1a (Jcl 2 Xy 50esX,) tu'ong ing vm tong Nlm la

g=xl€Bx2$...®:‘xn>O. L RN
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 eevAesle A‘ncéq fhx YA e X LN Aan e - -
: slmlll CALIOEL ulm 5 1a giatil Lo .&, fiaiual i

. ‘V‘l‘h"“!‘hﬁl XX Xt . x) ch tdn i
) CO tONg INIM 1

IS \-ﬂrl, "“L’ seeg vVimlg N g VITLy cvey

[43)]

*2

@ ‘

g =x W ®x @ X Oxn ... Ox,

-~

=X Q'x;@;...q;x;'—l'@i ]@Xﬁlw wxn

- =(xI$x2® @x_tﬂax@x $x)€Bg g@g 0

, Ngu'qc lai cling cé the chu'ng mmh neu v; tri hlen ta1 la (xl ,x2 yeees X, ) tucmg u'ng.
véi tong Nim la g =x, @x. D.. @x = 0 thi sau ohéo di chuven bat ki déu din

téi vi trf mén cé témg Nim du'ong

- Do dé néu v tri ban déu (x5 X550 X, )c6 tong N1m du'o'ng thi ngu@n A luon théng :

Trong trudng hop néu tong Nim bing 0 (vi tri bit 10'1) thi ngucn A chm cAm chu'ng
kéo dai trd thoi ching han mbi 1an gidm di 1 (hodc sb ngsu nhién) & mét cét bt
kidé chy sﬁiﬁm cua d01 thi B khxén A nhén du‘e*c vi tri cé tong Ntm duorng

3. Troe d%#éfiﬂath;

Mot s6 trb choi ¢4 thd mé ta bang éé tkn 6 hu(mg Mox vi trf ctia trb chm duqc coi
-~ nhu mot d nh ctia d6 thi va mdi phép di ¢huyén hop 1¢ dwgc xem nhir mét cung dan
tir dinh ndy’ sang dmh khéc. Chung ta s& dinh nghia ham Sprague-Grundy (SG) dé

x4c dinh duge céc vi tri thuoc tép PhoicN cua trd choi trén db thx

'a) Dé th: trb chm

Do thj cia mot tré chm la dé th; cé hu(mg G = (X /F) vdl X lé tap dlnh khong
: rong dé- 1a tdp céc vi tri cha tro <hoi va F 1a hém trén tdp X sao cho voi mm
x € X thi F(x) 1a m§t tﬁp con thuoc X tuc la xeX > F (x) cX. ‘Céc dmh thuoc
F(x) du'qc goi 1A nhﬁ'ng dinh: €0, the t6'1 tir dinh x. Neu F(x) rong thi x 1a dinh
két thuc Mot phép di chuyen hop l<; lé, di tu' dmh x toi mot dmh thuoc F (x)

Trd chm té hqp can bang cé ha1 ngu'fn cho': duqc mo phong tren do th1
G=(X,F) voi dinh xuét phét X, € X vétuantheo Céc quy the sau;

)] Ngum choi thu' nhat dl truéc va bit dau tir dmh Xy B



‘w77 . ,\ 1. A ,L!“;,A A,_A;_ 'l!ili ‘A A4y Lke s ‘ %A A A
Vi du trd choi trir s6 véi tap trir ia {1, 2, 3} bét dau vdi coc c6 n = 10, ¢6 thé mé
ta nhir mét db thi c6 huémg (X, F) nhu sau:
Tép X = {0, 1, ..., 10}. Ham F c6 céc gi4 tri cy thé la:

b) Ham Sorague-Grundv o | o

'Ham Sprague-Grundy (SG) tha mdt dd'thi G'= (X, F) duqc dinh nghla nhu sau:
“méi dinh x cia 46 thi dugc gin'mét sé g(x) 1asé ngyyén: khéng &m nhé nhit
khong nkm trong tap chc gxé tri g(y) cua ‘cdc ‘dinh y 61 duqc tir x:
g(x)= mm{n 20:VyeF(x),n# g(y) }. Dmh x neu la dmh két thic: thi g(x) 0.
Bm khi con ding ki hx@u g(x)= max{g(y)[ Vy.e F(x)}.

7 Kh1 trén do thi trd choi xdc dmh duqc ham Sprague-Grundy chung ta s& xéc
dinh dinh x 1a bét 101 neu g(x) o va 1a dinh c6 loi neu g(x) > 0. That vay, vi:

. Nguén nhan dinh két thic (cé g(x) 0) thi khong c6 phép di chuyen tlep
- theo nita nén thua (thuéng quy dinh Ia thua) SRR
e Néu hhﬁn dinh x ¢c6' g(x) 0va khong 1a dinh ket ‘thuc thi moi c4ch d1
déu dén dinh y cb g( y) > 0 chua 12 dinh két thic; nén nguén tiép theo
©-van cdn di tiép -dugre, Vay nhén dinh x 06 g(x) 0 va khong 1a dinh ket
7 thi¢'thi d6i th chira thua, '
" e Néu nhan dinh g(x) > 0_thi luén tdn tai mot dinh y eF (x) ma g( y) 0
~-bude ddi thu phél hhan; cir tlep tuc nhur the cubi- cing buqc d61 thu phéx
,nhandmhketthucvétthua ST SRR SRR
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R 5 SN SRS TP S T |
agx)=xmod{a+1

i du. Trong trod- choi Trer dan véi taptrl‘x ={1,2,3,. a} thi do thi tro choi
Cra a. rundv 1 .

s’

K

¢} Téng tro choi . : . : _ |

Gia sir chiing ta c6 7 dd thi trd choi la Gi= (X, Fy), G2= (X3, F), ..., Gn= (X, F).
Néu mdi luot di dugce chon choi trén mét trong n trd choi ndy thi ching ta t6 hop
ching thanh d3 thi trd choi midi 1a: G = (X, F) gu; 13 @b thi tlng cCia\ céc db thi
thanh phdn: Gy, Gy, ..., G, Ki higu G =G+ G; + ... + G, D6 thi G ¢6: Tép dinh
X1a mot tich Descac X=XixXx...x X, gom tht ca cac b x = (x1,X2, ..., Xn) Vi

-

xi€ X, i=1,2,...,n Véimbidinh x € X, Iap cac dinh tneo sau x la:
" F(x) F(x1, %2, ..., Xn) | | |

=F1(x1) x {X2} x..:x {x,,} v {xl} x Fa(xa) X.. X {x,,} U U{xl} X {xz} X...X F,(x,,)
Do mét phép di chuyén tir x chira dfmg mét"phép di chuyén tir x,; t6i mét diém
thud¢ Fi(x;) nén cé thé viét: F(x) = {(xl,...,x,-_‘_l‘,x,f,xm_,,..,xn); x;€ F(x)}.. '

Vi dy. Trc‘)'"t:hoi Nim ba céc ¢6 thé coi nhu téng ctia ba trd choi Nim mt coc.

. B
[« A AA 4l 4l nh A

Chung ta cin mdt phuong phap tinh ham Sprague-Grundy t trén, d6 thi t wug cac

trd choi khi blgtham Sprague-Grundy trén timg do thi tro choi hanh

R

d) Dinh Ii Sprague-Grundy ~ ° .
Néu g; la cdc ham Sprague -Grundy tren do thz cua o chm th&nh‘
phan G,, vgi i= =1,.2, ..., n, thi do thi téng cua chung la :

S G=G;+Gy+ ..+ Gy
s€ c6 ham SG la: g1, X2 ey Xn)= G1(x1) D g2x2) .. @gn(xn)

Vi dy 1. Xi hiéu G(m) 1a tr6 choi trir dan mét coc véi tap trir & Sm {l 2., m}
c6 thé trir bét tir 1 dén m ‘quén trén cgc, ta ki hi¢u ham Sprague*Grundy cla tré
choi nay 13 g,(x) thi gm(x) = x mod (m+1) va 0< g,,,(x) < m.

, Cho ba tro choi trir dan trén mot coc. cu thé: la: trQ.choi. G(3) vérl 56 quén trén
mot coc 12 9; trd choi G(5) véi sb quan trén mét coc 12 10 va trd choi G(7)voi s6
quén trén mot coc 12 14. ' "

Xét trd choi tdng G = G(3) + G(S) + G(7) cO-vi tri khél dau la (9 10 14) Ham
Sprague-Grundy cua vi tr1 khai dau la:
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(9 10, 14) 23(9) 25(10) ® 7(14)‘ 1®4D6=3
AARSs el Lo QL-.-;,”&.. &.’-‘,\1 R «l-‘-!ko-,.‘«.. baeX Aderue £TIN AlasrwrBen ARen tad 172 <« o~ L T2AIN — &
lyll)l pucp t,uuycu ol UG ia. UOULE IO vl U\l} Luuycu QCIl ViUl 19 Vi 7\13} - J
nén o9 10. 1N =2:(N B o(10) D o(1N=1 D4 D 5=0
5\!, .l,\f, LJ} sj\I} N 53\1\)} NS 5]\1-’} A N T N J AV

>

[¢]
5
-
<
- >
=
>l -]
v
o
NI
a
o]
5
9
[¢)
Q
[¢]
=
-
[¢)
o]
E
[e]
=8
0

_Vt’ du _2. Trd choi Kayles «- ,
Phdt biéu. Hai ngudi choi trd lin béng (bowing). Trudce hai ngudi 1a mét hang
~ quéa bowing ma qua thir hai 44 bj danh d8. Gia si¥ ca hai ngudi choi thanh thao
~ dén mitc c6 thé lan 48 bat ki mdt qua bowing nao hodc 1an dd hai qua bowing
bét ki’ canh nhau. Hai ngudi lan luort lan béng. Quy dmh ngu’m lan do qua
bowmg cubi cung s& thanq o : ‘

Phan tich. Khi danh 44 mot hoac hai qua bowing & cac diu hang chinh 13 phép

]au &1 LhAi cne (hano) mr\f hnde hat andn . Khi ddnh. ﬁA

la] 1 RV UUU \llﬂlls} 111JL VAW T1QL \1““11 Awiis uuuu uwv

gitta hang) chia coc thanh hai thi -d6 1a phép phan chia coc.

<>>
=

Chung ta hay tim ham Sprague-Grundy cho tro ch(n nay. Chi cé mdt vi tri két
. thuc la coc rong, vay g(0) = 0 a :

X Cac dinhykétiépx | ~ Cac gié tri g() ol gx)

21,0 N ET | e 12
(3121, 2,1,101=0 R
 4 32(12)(11) 321@2 31@1-—0 1
5 4,3, 6, 1)(22)(12) 133@1'—22692 01@2 34

Kh1 X272, chc g1a tri g(x) bét dhu tudn hoan véi chu ki 12, day gia tr; g(x) sau
duqc lap mai:

x| 72“_173;' 74|75 |76 77"78‘ 79|80 | 81 |82 |83

!
le® |41 28147 |2]|1|8|2]7
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Vi dy 3. Trd choi Treblecross

Phit Bids . T a&n maf hane cb A vudno dé trdne Hai net 1 .choi 14an h ot ohi

A TFTEVEE LISV R AWii lllv llwlb WA\ *: NI M\Illb Yl N Ulul&s A AWAA Ale“\la‘- vAA\Al»‘wA AUIYV b . - )
5 a. & L. e el dela S er & se s om wp La o ¢ . o

vao mét & trong khong k€ vo1 0 da o X. Nguot ght chir X' cuor cung- la nguot

th«ing. Tinh ham Sprague- Grundy ctia tro choi nay. ‘

£ _ A L

Néu n =1 ¢6 dliing mot phép chuyén tGin=0. : : L
Véin>1. Mot phép ghi X vio 6 &.mét trong hai ddu dong 1a. tucmg {mg loai tru' |
hai quin & dau d6 khéi-coc. Dit X tai 6 cdch 6 & mdt trong hat déu véi khoang
‘cach 12 mt & thi twong duong loai- trir ba quén ¢ diu 46 khoi coc. D3t X tai 6
khéng phai 8 & hai déu (va khéng. phai tai 6 ké 6.X da cé) twong duong loai tnx
ba quén & dhu d6 khoi coc va chla coc thanh hai cqc mai. Vﬁy quy ludt di
chuyen trong trd chm néy la: : s ‘ -

(1) Néu coc chicé mot quén thi loai bé quan név

(2) C6 thé loai bo hai {quan;’ S
“(3) C6 thé 1oai bd ba quén; . :

(4) Chia coc 46 thanh hai co ¢6 ¢ téng s6 quin gidm di 3. s

Gia su' da tinh duoc gid tn hém Sprague-Grundy cita céc coc 0, 1, 2, . 9 Bay‘
gid can tinh g(l 1). Véi quy Iuat trén, tir coc 11 s& di t6i coc 9, coc 8 ha1 coc
(1, 7), hai cgc (2, 6), hai coc (3, 5) va hai coc (4, 4). Coc 9-ciing c6 thé coi nhu
hai coc (—1 9), coc 8 coi nhu hai coc (0,.8) va quy uréc thém g(-1)=0 thi ta céﬂ_
thé d& viét cong thirc tinh g(11) 1a so nguyén khong am nhé nhat chu'a cé trong
cécsog(a)ﬂag(b)maa+b =11-3= 8.: ' :

o

a |-1|0 ;1»2';3» 405
Ne@|ofof1]i]2]o]a]1frlof3}
: 7.'fg(‘-b) 310 11 o2 {1 |

b 1918 7 6|5|4]3 2 1

Vavcécalémmég(a)@ 2(b)(v61a+b 8)1& 3 0 O 0 l 0 1 0 0 nén
g(1)= 2 ’
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uses crt; - . . R
var g,c : array[-1. iOOO] of integer; ' ' .
n,k : integer; ’ g

‘procedure tinh(m: integer);

‘vé#»i, 3, k : integer;

begin
fir=~1l; Ji= m-1-3;
while i<=j do *~
‘begin '
cl{g[i] =xor g{j} ;=»l,
inc(i); dec(j); )
end; ) ,
i:= 0; S _ 5
while c[i]=1 do inc(i); - o
glm] := i; -
end; .
REGIN

clrscr; n ;= iOO;V‘ . .
gl[-1] := 0; write(g[-1]:4); gl0] := 0; write(gl0]:4);

e gll} := 1,‘write(g[1]:4); gl2] := 1; write(g[2]:4);
for k:=3 ton do S L ,
begin

flllchar(c) sizéof(c),OO;
tinh(k); write(g[k]:4);
. end; o .
readln;k‘
| END.

Vi dy 4. Xét trd choi N1m mQt coc véi quy luat chuyen it nhat la mot quan va
nhleu nhét 13 nira sb quan trén coc (At-Most—Halj) Vxét chuorng trinh’ xay du'ng

-ham Sprague-Grundy Vi trb choi nay.
Input. Tép wdu4 znp gdm 10 dong mdi dong la motigia trj:ctia n (1= < n < 10000).
Output Tép vidu4.out gom 10 déng cho biét gla trx ham SG ta1 vi tri ban dau n |
cla déng tuorng g trong tep vzdu4 mp ' : -

uses crt; : e ' ) o
const max = 10000; . .
f1 = 'vidu3.inp'; f2 = 'vidu3.out';
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type mang = array([0.. max] of longlnt
var v,g @ mang; \
n : longint;’
fi, fo : text;
‘pLQCeduLe sg;
var i,73,%k : longint;
begin ’ -
for i:=0 to max de ¢gli] = 0;
1gf0] = 0y '
for i:=2 to max do:
begin ‘
for j:=0 to max do v[j] = 0; .
for k:=1 to (i div 2) do vigli-k]] := 1;
k:= 0; ) )
while v[k]=1 do lnc(k)
gli] := k;
end;
end;
BEGIN
sg; ‘
assign(fi, fl); reset(fi):
assign(fo, f2); rewrite(fo);
while ﬁot eof (fi) do
begin ‘
' readln(fi, n):
writeln(fo, ginl):
end; f
‘close(fi); close(fo);
END. L

4. Cdc tro choi litxu =
a) Lat xu mot chidu

Phdt biéu. Cho mdt hang g6m hitu han dong Xu dét ngua hoéc sap. Mot luot di
1a mot thao tac d6i trang thai ngua thanh sap hodc nguge lai cia toan.bg céc
dong xu-thuéc mdt tdp cac ddng xu thoa min. c4¢'ludt quy dinh cia timg tro
choi. Trd choi két thuc khi céc dong xu déu sap Ai duoc thue hlen budc lat cubdi
cing thi ngudi d6 chién théng Trd choi lﬁt rua (Turnmg Turtles) cung lé mot
dang cua tro choi 14t xu.
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Cht vy 5 ng moét trang thai ('r k d‘ng Xu ngua tai vi tri’ x,, X, €0 thé coi la

tong clia k trd choi j (j=1.k). Mdi trd-choi j duge m6 ta 12 mot ddy x, dong
xu trong d6 cac dong xutir 1 dén x, . dit sé.n va dong xu thir x. dit ngira. Vi du

1~ e = ‘ J-t r (=4 ; JjoTERERR Y
vdi trang thai SNNSSN (S ki hi€u cho sap va N ki hiéu cho ngira) 1 tong ctia ba
tod Ahmi QA7 COA wa COCCON Y73 +hA. R »
Y V11U 1Y, L)AJIY va L)L)VL?L)L‘)IV‘. Y1 Ul1ec.,

‘ 7 CYATY ',"""" ™ /n\\y\ 7N /n("\ TN /TN L OVOVONOI A T
g(SNNSSN) = g(SN)® g(SSN)® g(SSSSSN) .

Vt du 1 Tro chm Twms

Quy luét chm la pha1 14t ding hai déng xu trong d6 ddng xu bén phai dang ngira
bi 14t thanh sap, ddng xu thir hai 12 mot trong cac dong xu bén trai ctia ddng xu
tha nhat va phai lat thanh ngla. Neu ta danh s6 cac dong xu tir 1 thi ham
g(x) x Vi tit vi tri x c6 thé di dén cac vx trl tir 0 dén x — 1 (vitri quy udc la

jtrang théi cac dong Xu déu sap)
V{ d T‘l“l nhn nek

0 choi “w,,z...!e., _
Phdt biéy. Cé mot hang dong Xu,’ phep d1 chuyen la lat mot nhom tbi da ba ‘dong
xu vai didu kién dbng xu bcn phal nhat cla nhém dang ngua Kh1 mm dong Xu

deu sap 1a két thuc.

Phin tzeh Vi tri ket thuc la moi dong Xu deu sap K1 hleu vi tri nay la -1, th1
g(—l) 0. Dé thuan tién cho tinh todn ta danh dau céc déng xu tir 0, Véi dong Xu
nga tai 0 thi 16 rang véi g(0) = 1vi 14t sép no6 s& den vi tr két thuc Pdng xu ngira
tai vi tri 1 co the di dén vi tri ngua tai 0 (4p xu 1, 14t ngira xu 0) hoic vj tri két thuc
-(dp xu 1) nén gid tri g(1) = 2.'Vi tri ngita 2 c6 thé di dén vi tri ngtra 1, hojic vi tri
ngua 0 hoﬁc cdcvi tri 6 2 xu ngira tai 0 va 1 (g(O l) g(0). @ g(l) = 3) nén
g(Z) = 4, Tu'orng tu ta co duorc bang gia try:

x-lol1]2(3]4]5 |6 |7 8’ 9 110111213 14 |.

g() |1]2]4|7]8]11|13]|14]16| 1921 |22|25]26 28] ..

Khi nhin vao béng trén, dy doan gié tri g(x) ‘théyf g(x) =2x hodc 2x +1. Nguoi
ta phét hi¢n rang gia'tri do phu thudc vao sb luong sb 1 trong khai trién nhx phén
cua 2x. Mot sb ty nhién duqc goi la bit 1& néu sb bit 1 trong khai trién nh1 phén
laléva golrla bit chin trong truong higp nguoc lai. Chéng,han, s6 1,2, 4,7 1abit
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1 1.1 A 1 N S ] a A ann I EER R} Pal ! PRI S Y 2 1 ‘.
1€ do Khal trren nhi phan tuong-ung.la 1, IU,,gUU, valli. Lac gia} y, 5,0 1a.DI1L
chin vi khai trién nhi phin twong tng 13 0, 11, 101. C6 thé chimg minh

. g R “‘ : S R .

x) = 2x néu 2x 1a bit 1é va olx) =2x +1 troneg trudme hop 3 1

)= <X neu 2x la bit le va glx) = 2x +1 lfrong truong hop an

gn)= maX{O, g(’?—l),g(n,'—fl),@ 8’(’1"'2)‘,...,g(n-’14)Q)g(n'~__2_)m@,g(l)}"f L
Tird6 o6 thé tinh dugc ham gnhw sau: PR C

¢ -]

O

P

L}

et .
B T

Pk

]

ot

(WS}

o

N

Cx [102(3]4]5]6]|7]|8]9

[ 5]
Punedh
Al
1
]

g(x) 112 14 142 18 1t

b) Tro choi tich A .

, Tro choi G dugc goi la tro chorx tich cua céc tro chorl thanh phan G;, Gz, . G,, neu '
: mox buoc d1 chuyen u*ong G phz’u chcn dong thon tht ca cac o ChO’l thanh phan

Gla sUr chung tacéndd thi trd chcn la G = (Xl, F, 1), Gz Xz, Fz) (X,,, F,,)

NA A
ncd uhun duug Lhu1 cé u u'L\) uhux uay thi uh'uug ta tu hvp ohung thanh dG ﬂ'“ ""

- choi méi 1a; G= (X F). Kx hxcuG Gy x Gy x ... x G,. Db th;Gcb Tap dinhX;

Ia mot txch Dé—céc X Xl X X X...X X,, gﬁm tat ca ‘céc bo x = (x1,x2, ooy x,,) voi

X eX,,t =1,2,. ), Vélmmdmhx GX tapcécdxnhtheo sauxla B

F (x) F o1, X2, 0.5 xn) {(F 1(x1), Fz(Xz) Fn(xn))}

¢)- L4t xu hai chidu | |

. Payla tro choi thye hién trén mot béng hai chiéu (ﬁang'va cot dirge dénh sé tir 0).
" C6 mdt so dong xu'duge dat tai mot s& 0 cia bang. Mot lugt di 1a 1at dong xu tai

6 (x,y) tir ngia thanh sap va lat mot hoac nhleu dong xu khéc trong hmh chir

nhét {(0, 0) (x ¥) } c6 goc traa tren 1a 6 (0, 0) va gorc pha1 dU’O’l lao (x y)

Vi du Tro chm lat xu bon goc Turmng Corners o : )

Mot lan d1 13 lat bén dong Xu tal bon géc cua mot hmh chu nhat {(a b) (x, y)}

thoda mén 0<aq <x, 0< < b < y i-)ong xu tai vi tn (,x, ). dang ngua auqc xat thanh

sdp, ba ddng xu kia dang sip duorc lat thanh ngua Ham Sprague-Grundy
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¢6 cong thitc trén vi tién bang | mg v6i mi B (x, 3 -cfé la
mot trd choi 1at xu hai chiéu chicé xu tai (x, y) 12 ngira, con cic xu khéac déu sép.
>‘V6i dléﬁ kién hmﬁ ’chfr nhﬁt khéng rdng thi g(x,0)=g(0,»)=0, 8(1:1)2,1‘ va
g(x,1)=max{g(a,1):0<sa<x}=x; g(l,y)=max{g(1,b):0<b<y}=y
Béﬁg sau déy'cha?céé éié tri SG cua cac vi tri (x, y) trong trd chm nay
01 2 3 45 6 7 8 9 10 11 12 13 14 15
0j0 0 0 0 f;o;:o_i‘o‘"‘o. 0 0 0 0 6 0 0 0
101 2 34 5 6 -7 28- 910 11 l2 13 14 15
2102 3'3 1 8 10 ‘j11A 9 12 14 15 13 4 6 7 5
3o 3f1]2 12 15'1‘3 4 4 7 5 6 8 11 9 10
400 4 8 12]6|2 14101115 3 7 13 9 5 1
51005 10152 7 8 133 6 912 1 4 11 14
600 6 11 13 14 8 5 37 12 10 9 15 2 4
7107 9 1410133 4 158 6 1 5 2 12-11
8]0 8 12 4 11'_-3" 7 15 13 5* *‘1  9 6 1410 2
: ,"9*’6"‘1'9/ 147156 1 8 5 1211.2 10,3 4 13
10001015 5 3 9 12 6 1 1114 4 2 8 13 7
1m0 11 13 6 7 1210 1 9 2 4 15 14 5 3 8
121012 4 8 13 1 9 5 6 10 2 14 11 7 15 3
130013 6 11 9 4 15 2 14 3 8 5 7 10 1 12
1400 14 7 9 5 11 2 1210 4 133 15 1 8 6
1500 15 5 10 1 14 4 11 2 13 7 8 312 6 9
Xét trd choi lé.t xu bén géc voi trang thai bar ddu nhu bang a) duéi ddy
o Ty, o @ 65
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s § 8§ s S > S § § § S

S S N|S{S| S § N{N|N
s s s{s|~N| s s s[N[s |
: Bang a) Vi tri ban du SG 4 | ﬁangb)Vitfi sau khi 14t -SG—O ‘

~ Gié tri ham SG ung voi trang thai ban ddu cta ‘bang 1a3@1D6=4, diy la vi tri -
N; ¢ thé di chuyén den vi trf P bang cach 14t bén ddng xu tai bbn géc cia hmh '
hu hat {(3, 3), (4, 4)}. GtatrlhamSchav1tr1m0'11a3@1632@12@12 0.

d) Tich Nim

. Tlch Nlm 1a phep todn c6 ki hidu 12 ® thoa mén nhfmg tmh chat sau:
v@0~ﬂ®x:0

x®1= 1®x= x

x®y y®x"

(x®y)®z x®(y®z)

: x®(y€Bz) (x®y)®(x®z)

- Tich Nxm lién quan dcn s6 ¢ dang 2% goilash Ferma dang luy thua 2. Gla tr;
Ferma véin=0, 1, 2,... twong ung la 2 4, 16, 256 65536 Dua vao sb Ferma

tim két qua phep tich Nlm nhu sau:
‘ o 22 ®x = 22 X X v01m91x<22"
22 ® 22 =307
2

’M01 giad tri x lon horn 0 déu co gia tri nghlch déo Vidy nghlch dao cua i 1a3vi
283 = 2®(2@1) (2®2)€B(2®1) 3692—1

thu]

2016 =32;

YL AT L 3 1f AL

16816=—x106=24%;
2

66 | 53 TAILIGU.TIN HOG (3)



24®17 (lé@&@(lG@l) (16@16)@(16@1)@(8@16)@(8@1)
' =24D16D1288 '

AT N AT N Al N

‘©o
I
—
e
0

R4 tan = XV LN vv'

‘md ta nhu sau: neu mot luqt di dung luat trong G, lé\ cach 18t céc déng xu tai
X[yeeesX,, VA mot lurot dl dung luat trong G, la céch 14t céc dong XU Yy, ;m

E—

' cach 14t cac déng xu tai cdc v; tri ( y,) i=l.m m; j= =1.n la 'mot c4ach di hqp lc
trong trd choi tich G, xG,. Gxal tro: ChOl nay, du'a vao dl,nh 1i sau:
;Bmh li Tartan ' -
Néu g,(x) va gg(y) la ham Sprague-Grundy cua tro chm Gy va G, thi
‘ham 2(x.y) cua 1r6 choi GixG ¢é gid nfz la: g(x,y)=g,(x)®g,(»).
Vi du 4. Tro choi tich G = G, xG, v6i Gy va G, 1a céc tro 14t xu mot chiéu
Twins (mdi lan 14t dung hai xu). L4t mjt dong Xu. bét ki tai (x,y) 1a mQt phép di
chuyen trong tro chm tlch G, xG,: lat dong xu x trong: G, va lat dong xu y
'trongG | . L e
Ta c6 ham g cua tro kchdi’Tv'vi'ns’lz‘i: g(x)=x, x >1 (chi y;bc'ft ddu tir ).

Véi vi tri nhur bang a), ta tinh gia trj SG clia vi tri ndy biing tich Nim nhu sau:
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Vi tri bing b) ¢6

‘bang b) va vi tri bang b) ¢

. ;

-

L4

685G =3

Vitri bang a) ¢

= 4 hi d6 bing a)

15

12
2 ;

2
13

1

5010

0

3103

c6 ham 5G = 1©10815

s

. /Bang tich-Nim .

A

m di chuyén toi yu.

2

“12x +1 néu 2x 1 bit chén.

t 16m.

€.ral

z

A

i

th

I3

I3

i x ¢6

ivit

by

Vi dy 5. Trd choi G= G, x G, véi Gy va G; déu 1a trd choi Mock Turtles. Vi tri ban

M

A

6 khéc 1a sdp (5). T

m
ac
au:

z

duge t

7
X

€n

iydid

vi tr

H

hai & c6 xu ingt'xé N conc

lugng

r
A

’

0y

- Dya vao gid tri SG cua trd cliqi Mock Turtles:

i c6

ang vi s6
dau ch

Bubc 1. Tinh gié tri SG cia vi trf ban d

hi
68



10 11,1917 14
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1
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G0
\O

l
! ‘ | . ‘
g(x)»! 12 4 7(8]11 ;13" 14 16 19 21 22 25 26 28

2 4
3 8 9 12 13
8 6 1011 7
9 10 4 15 1
2 11513 [

Cé the thiy réng hai 6 6 ngua 1a:6 (0 1) co SG g1(0)®g2(1) = 1 ®2=2

va 6 (4, 5) ¢ b(: g1(4)Q9g2(5) = 8®11 = 9, suy ra SG cila bang Ia

- 289=11. Suy ra, bugc di chlén thé.ng 1a bién d8i 6 (4, 5) sao cho SG tir

9 thanh 2. Tuy nhlén khéng de de tim ra céch bién dbi nay (co 176 cach

_ khéc nhau). . T T R T L R
BuacZ Btendmo(x,y) - (4, 5) sa0 choSGtu9thénh2 Taxo(4 5)c6SG = @ v,
ma v,,v,)=(8, 11) trong dé vy = gi(x), va= 2:(0). Ta can tim: (u,,u,_) ma

: trong Gycou la gxé tri cla v1 tri mdi sau di chuycn t vi trx X, trong Gz

c6 uy la glé tri. cha vi tri méi sau d1 chuyen tu' vi tn y véx u, < v1 va

u2 <v2, dong thm thoa mﬁn v
' | (u1®u2)®(u1®v2)®(v1®u2) 2
‘ Motkhanéng 1a (ul,uz) (3 10) do .
- (3R10) (311D (8R10) = 5@6@1—2_
_(cung c6 thé 12 (1, 1) nhung, do cach di ndy khong md ta duqc cho
phucmg phép cén tim. nén khéng chon). L

Budc 3. Tim c4ch di chuyen cu thé. de chuyén glé tri ham g1t 8 thanh 3 (trong \
Gy va chuyen giad tri;ham 2 tir 11 thanh 10 (trong G,). Bé chuyen gia tri
ham g; tir 8 thanh 3 (tong Gy) co thé 14t xu tai 0, 1 va 4 vi

‘
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g(0)®g,()=1062=3.F é chuyén g, tir 11 vé thanh 10 (trong (12), ta

‘_lé“nlf 1,4vaswi zl@gz 4\—-2@8:1@,

Do d6 trong t , trd chm G (, x (7.. cén di chuven 9 dong xu tai cac vi tri

&

thude ti h {0, 1, 4}x {1 4 5}. Sau di chuven s& toi vi tri nhu bang sau:

01 2 34 5

ols|s|s s NN
1|s|N|s S|N|N
2|s s $ 88§
[ssssss

| Kxém tra lai ta s& thﬁy ham SG tal vi tn néy béng 0
Téng quat giai bai todn Tartan. Cné su chung ta dang du'ng tai vi_tri (x y) cua ,

. trd choi tich u, xG,v6i SG 1a- g(x,y) g,(x}wgzky) v. Ki mcu V= = gi(x),

v = g2y) va vy = (vl,vz) Cin di chuyen dén vi tri méico SG1a u- (ul,uz)

trong d6 u = = gy(x') ma x' 12 vi tn sau x trong G;, U= gz(y) ma y 14 vi tri sau y :
. trong G». Thye hién céc bude sau: o

-Budée 1. Tim cap (u,,uz) 50 cho (ul ®u2)®(u1®v2)@(v1 ®u2) u |
Buée 2. Tim tip M, trong. G ‘bién gid tri g (x) v, thanh gxa tri voi u, <v,.
Buoc 3 Tim tip M trong G, b1en gxém g,( y) v2 thénh glé tr1 u, voi u2 < v2
Luc dé6 M, x M, 1a tap céch d1 trong G, xG, dé toi vi tri c6 gid tr;SG: lan.

Baltap SOPEEE

9.1, Xem xét trd choi Ldy b6t quan co nhu'ng v6'1 quy dinh nguen c6 Tugt Iay'
cubi cung thi thua. Phan tich xem tép Pla tapndo?

9.2. Tim t8p hop céc vi tri P d6i v6i trd choi trir dén, néu tap tru lar
a) §={1,3,5, 7}
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di chuyen nhfing § vudng trong bang hinh cnu nhat gom m % n & vudng,
i'g n im

it é vudng va cac 4 vudno & bén nhai néd

i
h;;..;
-d
2

. VAULE YR vu\( VoY MULg Y Uwi plidal LY

m -

- ‘cilrigzcéc 6,vﬁ6'n ~phia tréh.chﬁ ng. H ai ngudi chcn lin luot di chuyen, nguoi

rg-

w

- nao cnqm pnau 6 (1, 1) thi thua cudc (6 ndy coi nhu bi nhiém aoc' )

- Vi du choi véi- bang‘3x8 Ngudi 4 14y di 6 (6 2) clng céc 6 bén phai va

céc 6 phia trén (liy di mot hinh chir nhat ¢6 tit ca sdu 6). Sau d6 ngudi B
lay 6 (2, 3)vacac o bén phai (lay di hinh chit nhét c6 tat ca bén ). Kh1 do

. cacd vuong con la1 trén béng nhu hinh dum U

a) T1m ra mot phep chuyen tlep theo glanh théng cho A ;
b) Cé thé chimg- mmh A4 c6 thuét thang trong bémg téng quét mxn 6
vuong hay khang‘7 . ‘ : '

- Trd choi Phep trir déng
| Cé thé mé ong, thém lé'p trb cho:l trlr dan bang céch tao ra tﬁp tru' S phu

o thuéc vao lan di chuyen trude cua d01 thu,

Cé mdt coc N thé, ngudi. chorx dau tién c6 the lay bao nhxeu thé tuy y

| nhung it nhét 13 mét the va khong duoc lay tat ca. Sau d6,-dén luot ngudi

kia vé hai nguoi thay nhau 1an huot chcn, mdi ngudi chm khong du'oc phep

léy so thé nhléu hon so thé ma déi thu vira lay

: ':' a) Nguin thu nhét d1 chuyen nhir thé nao aé thang néu s thé 1 N 44.

9.5.

- b) Véi gia tri ndo cia N thi ngu'én chm sau tlﬁng”

Tro choi Ftbonacct Ntm

- C6 mot coc N thé, ngudi choi dau tién cb thé 14y bao nhxeu the tuy y

nhu'ng it nhit 12 mt the va khong duoc lay tht ca. Hai nguén choi 13n luot,
m01 ngudi choico thé 14y sé the nhiéu nhat bang hai Ian 56 thé ma d01 tha

lay trong Iuot di trude. Han ché: 1<N < wo
* Lép trinh tim chién thu3t thing. '

n
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Trén dudng thang nim: ngang ¢ n con ria ngﬁu nhxén dang bb ho#ic dang

ndm ngira. M6t phép cnuyen 14 14t mét con rua aang bo mann nam ngira va
néu muén con c6 thé lat mQt con rua khéc & ben trai né (dang bod thanh

ni3m ngu'a hoac dang nim ngua thénh dang bb) Nguén chm nao cé phep di
: chuyen cubi cing thi thang “ :

a) Chtmg t6 ring trd choi néy lé Nxm neu mm con ria dang bb 6 vitrin

9.8.

72

‘12 mdt « coc con quﬁn
b) ‘Néu a) dung, tim chlen thuat thang cho trang thfn neu G hinh ve sau:

Trb choi Moore s Nimk

C6 n coc véi s6 quan tucmg img 1a x,, X2y oeus Xy ya qaé trinh chm nhu trong

‘Nim nhu'ng mdt phép chuyen 12 ngudi chm 6 thé chuyen so quén tuy y tir

k coc- bat ki (k12 so co dinh cho trué'c) va 1t nhét phax c6 mét quan chuyen
di tir mdt coc ndo do - i, :

) ’ . z e A as .
1S choi Nimy v&6i k=1 Chii‘xh Ia tf\)fvc}“"i Nim chuéan Vé’iﬁ'\’){;"c B% gmi tré
L -
choi ndy chiing ta 4p dung dinh li sau:



Dinh I Moore

i Vi tri fy; v, v ) Id vi tvf P tromno Nim: Fhi va ohi Fhi v, v, v
I V§ s YAV Ay 3 AN R WV BT K BIUTER IVITLE INikE VI UTEL TR A, A s
{ viét dudi dang co s0.2 trong phép céng khong nhé. theo médun (k+1)
| cho két qua bang 0. Noi cdach khdc s6 cdc 56 1 & moi cjt trong phép
I cone novv déu chin hét cho k+ A
! V‘_}I'l\é« :'l‘\("‘ www \_\f"f\lﬂl TP iAWV TV P i i /
TYN e 1A aodole 6o b ATs ez x a4 g gl g
Hay iap trinh tro choi Nim; giita may va nguoi, cho may di truec. . -
weenszds T hom hriif) © $sae MK A% Al A4 Al Ll miia fed Al #Ree Adino
upul. _,,l.;p UUl’;O.!” ViUl GUIIE CHU 1YL Cau il Cua o (411 1. Uday UoilL
A : A P e ’ 4 A A " A A a A
12 50 k nguyén duong sau d6 1a » so6 nguyén duong the hién s6 quéin trén »n

OQutput: Tep bai9 8.out cb sb dbng tu'orng ung Dlu mdi dbng ghl s6 1
_hoac 0'thé hlen mdy c6 the dat chién théng hogc khéng chic fhang, néu ghx
~ 581 thi sau d6 gln ran s thé hxen s6 quén cbn lax trén céc coc 1, 2

sau buéc di thir nhat cua méy - ' .

9. 9 Tmh glé tr; hém Sprague-Grundy ta1 cac dmh cua do th; sau

[

9 10. Tlm ham Sprague-Gmndy cho trd choi trir dﬁn véi tap tru'

aTs=3ey |
: ‘b)” S1atip céc so nguyen 8 lé
c) ':'_ﬁS 1a tﬁp céc sé nguyén t6

e

! (" _‘. 5_ SA L et
d) §1a tip cac s6 Fibonacei;

e) Slatapc acs Lucas.
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S0 Lucas dugce dinh nghia dé€ quy:
Li=1,Ly=3, Liy=Lin+ Li(i=1,2,...).
Trd choi Ar-Most-Haft 1a trd choi trén mét coc véi quy Tudt phai chuyén it
nhit 12 mét quan va nhidu nhét 12 nia sé quén trén coc (tat nhién vi tr1 két
thiic 14 0 hogc 1). Xay dymg ham Sprague-Grundy véi trd choi ndy. ‘
’ Trdcha‘zﬁtm BN s S

" Gia sir ¢6 mdt coc n quan Mbi 14n loai bé di ¢ quan tir coc véi didu kién

claudccuan (kdcal va n). Chi cé mot vi tri két thic 13 0.

~ Tinh ham Sprague Grundy

9.13

Trd choi Chtfn-l.e R 5 o S
Cho mét coc chita # quan. Quy the chuyén quin khoi coc 1: c6 thé bét di
mét s6 chin quan nhung khong phai 12 toan bé coc-hoic c6 thé bét di toan
b coc ¢6 s6 quén 1&. Trd choi c6 hai vj trf kétthuclaOva2.
Chvmg minh (quy nap) c6ng‘ thirc: g(2k)= k- 1,82k~ 1) =k v&i k>1
4. Tro choi At—Least-Haﬁ s

- 9.15.

- Trén ban c& vua kich thu’éé 8>><8‘

74

Trd choi chi c6 mét coc ‘mAu véi quy luat choi 1a phéu d1 chuyen it nhit 1a
mot nira s6 thé tren coc. V1 tri ket thuc duy nhat 1a0.

Chimg minh (quy nan) mé m ham Snrague-Grundv g( x) = mm{ k:2F>x}.

vLu'u y Trd choi nay danh chlen thing rit d& dang cho ngu'cn thir nhat (1a-

14y hét moi quéin ngay tir phép di chuyén dau tlen) Nhung viéc tinh ham
Sprague-Grundy coy nghla phuc vu cho trd chm tbng ma At-Least-Haft 13
mdt trd choi thanh phan ' -

Trd choi Wythoff

d4t mot quan hau. Hai ngudi choi  ft—
véi mdi lugt di 14 di chuyén quan O ]
hu véi sé budec tuy y theo hwéng | | |
thing xuéng, ngang sang trdi, hoic ‘

di chéo x1i10ng gbée trai-duéi. Khi ~ @ ]

quan hau di dén géc tri-du6i thi - S O RO B
trd choi két thuc. —T1T 1T O

Tim ham Sprague-Grundy cua tro
choi. ‘ I



9.16.

o
N

Tim phép chuyen t61 tru tir vi trf ban déu cho tro choiténg cia ba trd choi:

. _Tro choi chin-lé véi coC 18 quan;

ro chcn At-Least—Hart vé1 coc 17 quén;

a) Tmh mé trx ham Snrazue Grundy h tro ChOl nay khi coc ban dau co

‘Yt.‘f h'n nhm f'vu A vM ha o
U“ Ve W

hddiadd w)'

A .

céac phep chuye t01 wu d4u tién néu c6. -

. Tro choi Kayler ' - L
- .Cé 13'quén bowmg sap thanh mot hAng, nhu’ng quan thu hai da b1 ha db’

fenpamn Wyl Sox)
\XC!II feiaaing VG:}

/\_ /\ ) \,/,\ /\]\/ﬂ\/\/\ A /\/\

a) Ch\xng 0 vi tri néy 1a N

. b) Tim phép chuyen chxen thé.ng Khi do quan bowmg nao sé b1 ha‘7 :

9.19.

- chém trén trén mat phing’cé thé bi ngan cach bai-
“mdt vai dudng vong kin khéng cit nhau. Mét phép
di chuyén 12 v& mot vong kin di qua mét vai chidm -

Tro choiRims
Mot vi tri cua tro choi les la mot tap hﬁ'u han

tron nao d6 (it nhat 1a mot diem) nhung khong cit
céc vbng khéc. Hai ngudi choi 1an luo*t thire hu:n di
chuyen nguorx cb phep chuyen cudi cﬁng la: ngu'in -

- chién thang

a) Chimg t6 trd chm nay 12 mot dang cuia Nim; | ,
b) Véi vi tr1 cho nhu hinh vé tim phep di chuyén chlen thang neu co.
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Tro choico Dawson - . : o

~r o s AL aRs 8 Ty w e o gRe 1A 1 2t b oA LAl
O nai Vnang Juan ot acn vaarang-aol aien naad, cach nildu: ot iaig
tréno. Mét auan tét chi ¢é thé di 16n mét 6 tréne phia trudc hodc bude phai
trong. Mot quén 16t chi ¢6 the di 1én mét § trong phia trude h ude pha
‘bt mét quin cita d6i phuong d4 ¢ 6 ké chéo bén trai hodc bén phai cua 6
chita quén 1ot nay. S

FHERBERBERER

Tim céch choi d gum chm sau s& thang ;‘ .
v ,:.. Néu 'r Fn A ae A oal Ak A a0 L hidn A2iad Den & hia? hit
Ui, INGU 11dlllE Ul 1U U aJ’ Ul U as’ (Al Hivu aTJ‘ Al’js 1/%ik Ul UlTal val
quan Tr & a2, Trang di b3-a2 bit quan den tai a2. C6 hinh anh nhu hinh
' ' loai va déi lwot di . :
adl va Uui tuyir ud

Yo ena Ao mirle $A4 WS
. \u) lll dp qua tuirul

Béy»gxb dén lugt Pen di. Gid st Pen di fl: -2, Trang e3- f2, Den el f2
. Tring 01-) Den ol 4 Lkét aua nhir hinh (h): hai cin auan tét bi lnm
- llu‘l“lé BJ h UV!A 51‘ f VAT \zu‘nvt \1““ ALLANE Llllgl \U}u diu: V\;I»P “m LAFE WA AW uRA
va doi lvot di. B

"R

Do viy trb choi ndy’c6. thé coi 1a tré choi trén m@t hang cobnod vuéng de_
trong Hai ngudi choi lan Tugt gh1 X vao mot 0 trong khong ke vGi- 6 dadcéd

X Nguén ghi chir X cudi ciing thing,

" Trd choi nay c6 thé mé ta nhu trd choi trén mét coc €0 the bo bét céc quan
- trén.coc hodc chia coc thanh- ha1 coc. Néu n=1c6 dung mot phep chuyen

76

t6i n = 0. V6i n > 1. Mot phép ghi X vao 6 & mdt trong hai déu dong 1a

" twong (g loai tn‘x ha1 quan & dau. d6 cua €0c¢,. Pit Xtai 6 cich 66 mot
" trong hai dhu khoang cach mét & wongmucmg loai trir ba quan khéi coc.

Dat X tai 6 khong phai nhu hai loai trén (va khéng phai tai 6 ke 6-X.da c6)
tuong duong loai trir ba quan khéi coc va chia coc thanh hat €oc méi. Vay
quy luét di chuven trong tro chm név la Lo \

(1) Neu coc chi c6 mQt quén tlu logn bo quan nay,



N
bk

o
Dok

©

9.24.

(2) Co thc loai bo hai:quén;
(3) C6 thé logi bo ba quén; -
Chia coc d6 thanh hai coc ¢6 tong s6 quéin g 1am dl 3.

- E », 2 o ;n hin=18"

‘ J AAL uuuv llu.’ *l ARANWAAL LKL 5 NALL 7§ AWT. .

f.ﬁn’nhlrnno tri tinh tich Nim ciia hai <6 x va v
'Lép chuong trinh tinh tich Nim cia hai s0 x va y

Trd choi 1t xu Twins , o

Chn A% s L T Alno wir dinh ok t0r 1 dhn 5 Ahno wrr 0 naien cbde Alng v
ilv ua ¢ 1T 1 UL a Sl uaiiit dVU wu v UC‘J( Ly U ls AU 7 xsua, vawv UU 15 AU
khéc sap. Mot luqt di la lat dong Xu ngua anh sap va mdt dong xu khéac

et ‘u'A

X8y dung ham SG cho cac vi tri cta tro chm nay
Trd choi it xu Ruler. o ' : o
-+ Cho mét hang gdm n dong xu, ‘déanh so tir 1 dén. n, dong Xun dang ngua \

con cac dong xu khac thi sip. Mt luort di 1a lat dong thoi mot sO dong Xu
véi didu kxen cac ddng xu 1a lién tiép va ddng xu bén phai nhit dang ngua

TA4 4L A1 _A__ [OUT . R ~A R dras i an o

Dl ldt tiaiil bap Ady Gl,ﬂlg f1dIn DU LIIU cac V} l.l'l UUﬂg tro: LﬂUl Ild)’

Tro clwz Grunt.

-Cho m{t hang. gom n -+l dong Xu, danh s6,tr 0 dén n, dong xu n dang

gngua con cac ddng xu khic thi sap. Mot lgt di 1a lat bon ddng xu ¢6 vi tri

dbi xu'ng qua vi tri chinh giita clia ddng xu bén trai nhat va ddng xu bén

phai nhit. Xay dung ham SG cho cac vi tri trong tro chox ndy.

19.25. ;

Tro cho't Turnmg Comers ‘

Ban c& vudng klch thuoo nx n duqc chxa thanh cac.d vudng va danh toa
d6 nhu sau: 0 goc tren-pha1 co toa do (0; 0), hoanh do tang dan tir tri qua

phai, tung 6 tang dan tir trén xudng dudi. Trén mbi & vudng c6 thé djt

mdt ddng xu (ngira hojic s&p) Hai ngudi choi 1an Tuot. Mot luot di 13 chon

 mot-hinh. chit nhét nhd trong ban c& c6 goc phai-dudi 1a (x; y) ma ddng xu’/fv

tai 6 nay dang ngira va ba déng xu o ba goc con lai cua hmh chix nhat nho
nay dang sép. Sau d6 ngudi choi cin 14t déng xu dang ngura thanh sap va
ba dong Xu O ba goc con lai cua hinh chir nhat cdn 14t thanh ngua Nguox

_choai nao sép. duoc déng Xu cudi ciing thnthang cude.. . IR
.- Lép trinh cho bxet trang théi ban dau cia ban cOla N hay P‘7 Neu trang thai

14 N, hy tim mét bude di chlen thing.

. Input: Tép Bai9_25. mp chua trang thai ban dau cua ban cor

= Dong dau tién la so nguyén duong n;

7



i X B X 3 L1 Ao = s
® Tiép theo la n + 1 dong. the hlen ban co, mo1dong ¢con+ 1so00 hoac 1
oA N ‘f‘né hildn A}"\nn iy nnv\ aA fl—uav hiéﬂ AAna vy naira)
\DU vV uIv lll?ll uUlls Al dap, dU 1 L1l 11iuik uuus AU usuq; o
stnnte TAn RA10 75 Hut
vuuvul A Yl.l M“CI_hJ- V“»l
o oo aA p e Ag K IR AT AL LA N LA
®= pong aau gni sO 1 n u rang Iﬂal Daﬂ aau cua Dd.Il LO ia-/v, gni.s0 v ncu
trang thai ban ddu 1a P
‘ y . N .
e NTAcr tomimer 4] T A 1A AT 41 A ol bl Sli tan AR (v ) A ahe nhai
8§ INCU trang tnai oan aau i1a /v Uil Gong umu nai giii 10a 4o \X, y) O gOC piidi-
g - A . Y A R P
dudi cha hinh chif nhat nho xrcng bua- di chién thang. Han ché: n <21.
LTro chm hai ngu’é'l co t6ng dlém béng 0
1. Mota
- a) Dang chlén thust , : '
M hinh toan hoc don gian cia trd choi Hai ngudi choi cé téng diém bang 0 12
bd ba (X, Y, 4). Trong do:
_ VA LA LL A SRS S UV SR TS SANPE TULI-WARRs SNSRIt UL P (O SRS N PY
L A 1d w@dp KNO! 01 1a 1dp CllIc Uiudl 1o NEUUl UIU IHial;

g rong,
e Ylatap khong r5ng, goi la tap chién thujt cho nguoi thir hai;’

e A la ham lu'qng gid c6 gia tri thuc, xdc dinh trén tap XxY (méi phén tir

~cla tép 1a cép (x, y) mé xeX va er) véi m51 cép (x y) xac dinh duy '

nhét mét gxa tri A(x y) 1 mét so thye. o

" Luu y. Trong trd choi nay, véi mdi cip (x; y) ham lu'orng gla dxem cho nguorl thir
hai 1a gié tri d6i cia ham lu'qng gla didm cho ‘ngudi thir nhét nén chi can quan .
~ tAm té1 ham lucmg gia tinh dlém cho nguoi thu nhét (12 A) ‘

Hai ngum chcn phai chon dong thoi chten thuat cua mmh ngudi thu nhat chon
x € X va ngudi thirhai chony € Y. Sau su lya chon cla hai ngudi, neu A(x,»)>0
thi ngudi thi nhét thing A(x, y) dxem tir nguoi th hai, nguoc la1 neu A(x, ) <0
thi ngudi thir nhét phai tra lA(x, y)} diém cho ngum thu hai. .

b) Chijén thuat can bﬁng

D& minh hoa cho chién thuat can bang, chung ta xét trb chm Chdn-Le nhu sau

Quy udc goi ngudi thir nhat la Le ngudi thir hai 1a Chan Gia st tap chién thuat
clia ngudi thir nhit 1a X = {1, 2}, tap chién thudt clia ngum thirhaila Y= {1, 2}.
Hai nguoi dong thoi chon ngubfl thir nhét chon xXe X ngum thir hai’ chqn y el
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ALY s are L As val A atA4x gy a1 T7a
chan ngudl tnu nnat nnan so.giem 1a —(x + y hia la ma x+y) diém. Vay
khi tinh diém cho ngudi thir nhat thi-bang diém A(x, y) nhu sau '

Nguoi thir hai chon y b%ng
Ngudi thir nhatchon x bang b
T - 2 +3 -4

‘s ‘, ST A,'. Y ‘.“m%.,;' P A3 L A s
Gia sir ngudi thi nhat chQn‘chlen thuat f‘l, vOi tan suat —, chon chlen thuat “2
: J

vOi tan sult = (chang han trong 1000 lan chorl, ngu'm th nhat c¢6 600 1an chon -
“1” va 400 lan chQn”Z”)

a) Néu nguoi thir hai< chon “1” thi ngudi thir nhét s& mAt 2x§ diém va sé

augc \3x-§—¢diém trong mét lan. Vdy trung binh mét 14n chon ngudi this

s 2 .03 | |
nhat thu dugc 3 x-..S— -2x §= 0 (diém).

b) Néﬁnguc‘ri tha hai chqn 2 thi ngudi thi nhét ducjc : 3x% diém va mét

4 x-ﬁ- dxem trong mot lan Viy trung binh. mot lan chon ngum thu nhat g

| 3 2 1 ‘"
th d 3 -———4 --—-—=02 dl
u uqc x x 5 ( m)

Nguou thir nhat voi sy lua chon nhu tren, s€ hoa khl ngudi thu' hai chon “1” va
s€ thang 0. 2 diém kh1 nguorl thit hai chon “2”. Vay bing chién thuat ngudi thir

nhat chon “1” voi tan suét % chon *“2” véi tin suit: -?— nguorl thu nhét luon

thang, bat ke nguox thu hai chon “l” hay “2” Xét truong hop tong quat

" el



I = p thi gid tri

Hinh 9.4. Mo phdng tro chori cln bting

Dié'm (172 12) 14 didm thé hién nguén thu nhat thﬁng iz dxem khong phu thuoc

‘61”

| vao céch chon cua nguorl thu ha1 Céch ch01 cua ngucn thir nhat chon “1” voi xéc

suat 172 chQn “2” vdl xéc suat 1—52~ nhu the ng la chlen thuat can béng

Cdch choi dat duac chién thing (tmh trung bmh) khong phu thuac
vao déi phuong choi nhu' thé nao dzmc goz la chtén tlmgt c&n bang
| hay chten thudt MzmMax R

| Mot sb khai niém khéc trong tro chcn hai nguén c6 tong dlem béng 0:
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' véi thn suét bing 0.

i

&

- Mdi chién: huat trong cac tap chién thuit X hodc Y la nhune ché thuét,

 thudn tuy. T4 hop cée chién thujt thudn tuy véi cée tin sudt khc nhau ta c6
mét chién thugt hén hop. Tat nhién mdi chién thujt thudn tuy x-€ X cii g cd
. thé xem'1a mot chién thuat hén hop néu coi nhu chién thujt.thudn tuy nay

.auqc, chon-,vori‘. tan suat bang 1, cdc chién thudt thuan tuy con lai d ugce chon

» -

ol el AL A L A TaXon o £V 2787 s A Lados L Kon ~An IV W
IIU bIlUl ll&l IlgUUl DU [29204 24 UiCIIl Ldlip V YUI 1O { d-n nt)c \A 4, /i} ng 1

: 'glcn han khi va chi khi X va Y 12 céc tap hﬁ'uhan va ton tai hamlu'orng giaA.
Trong cac dinh li co ban vé li thuyet Tré choz haz ngzmz co tong diém bang 0
Vcn Neumann 6 dmh h n01 tleng sau day

h Mrntmnv
jnn. ll tuu srrbian

Voz tro chm haz ngUoi. co tong dzem bdng 0 va co gzaz han thz
T(I ) Ton tai mét 56 V hitu han (goz la gzd tr} cua tro choi). .

. (2) Cé mot chién thuat hon hov cho nguoi thu nhﬁt ma gid trt trung

‘binh dat Jufac cua ngudi thu' nhat it nhat la V bt ke ngwm thu ; |
hai di nhu thé néo. ,
(3) C6 mgt chién thudt han hop cho nguoi thir hai ma gid tr trung' :

“binh nguoi thit hai phaz trd nhiéu nhat la V, bt ké ngu'az thir .

nhat di nhue thé n&o

’Neu V=0 thi ta néi tro choi de hoa Neu 7> 0 thi ta n01 tro chm danh w tlén
(co lqn) cho ngum thi nhzit vV < O thi trb chm danh uu tién cho nguérl thu ha1

Vi dy. An va Binh dung mot sé quan bax Tu 10 khO‘ de td chuc tro chm An co

quén At den (so cua quén At coi nhu 13 l) va quan 8 do, Binh co quén 2 dé va .

quén 7 den. Hai ngudn ddng thoi chon mét trong hai quﬁn bai clia minh. Néu hai
quén bal duoc chon cia hai nguén la cfmg mau thi An' thing, nguqc Ial thi Binh
thang S6 diém dat dugc 12 tong cac sb ghi trén hai quén bai. Tim hé.m A4, glé tr1

trd chm va chlen thuat hon hqp tbi wu cua tro chm

| Binh chon
. |2d8]7¢en
At(l)den| -3-|. 8

845 10 1S |

*| At chen |

A TMLLIBU.TINHOG 03) 81 .



ciiBe s od Al 660 #4299 Lori AL 1 - 32 WA NIk ahne 6 A2 thi gi4
suat p va cnon - 840" -voi ian s 1~ p. Khi d6: Neu Binh cnon "2 .a6" tni gia
T e 3 2 A A e 1A B _ NTA: s “
tri trung binh trd v& cho An'la -3p + 106(1 - p) = 10 — 13p. Néu Binh chon “7
2t 8y ity g LT | A S 13- Q Y -7¢ S 18 L2 A
den” thi gid tri trung binh trd vé cho An 1a 3p ~- 15(1 — p} = 23p — 15. 1nuat to1
L L 23 .. i
2 A -_— - Py — A A
wu cho An la chon p sao cho: 10 - 13p =23p - 15 & p==—.Khi d6 An nhén
h . 30 :
L B e L 35 a s
Arrrvn tmaem ey hhinh (+ nhit Afing 1a A18m
Juu L 15 ULk 1L 15kial vl i '5_ Ui

Phan tich tro choi theo auan dzem ca Bmh Gla sur Bmh chon “2 d'” véi tin

A A

sudtp va chon “7 den” véi tin sudt 1 — p. Khi d6: Néu An chon “At (1) den” thi

2 A 1 « " — 113
gxa ux uuug binh tra vé cho Bi" 13 3ﬁ - 8(1 =p‘) 11p — 8. RT“‘S'“ An "h““ 8

d6” thi gia tri trunig binh tra v¢ cho Bmh la=~10p + 15(1 = p) =15 - 25p Thuat

(py

tm u'u cho Bmh la chonp sao cho llp - 8=15- 25p = p —% Khl do gia trj
tra cho Binh I3 -——;% nglna 1a Binh phal trd trung bmh nhleu nhét 14 -3—5 diém

35
cho An: Trd chm nay lu6n -ru tién cho déu thir An. Gia tri trd choi 1a- 6 .

2. Tro cho'i ma tré’in
a) Ma tran qung glé

Trd choi ha1 ngu0°1 c6 tong chem béng 0 va cd gxén han vél dang chxen thuat
.'(X Y, A) con duorc goi 1a fro chaz ma trén. N

Néu X = {x1, X2y ey x,,,} va Y= {y;, yz, vees y,,} Ham luqng glaA cé the bidu dlen
bing rth ma trén dang:

@y e Ay

trong do6 A(x, ; y,) a;la gla tn ham luqng g1a tai dong i, cgt J (nguorl thu nhét chen
chién thujt nguyén thuy X; va ngum thu' ha1 chon chlen thuat nguyén thuy y,)

P6i khi ma tranA duqc viét dcm gian 1 A(ag)mxn voi 1-1 mj=ln.

82 ; . : s S ,  eBITAILIGU.TINHOG (03)
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Luu y. Trong tinh todn, thay viéc bicu dién vecto p bing bi€u dién mdt ma trén

()

. v

co kxch thuoc mxl do la ma tran p I P Ma tran chuyen vi ciia plama tran

p =(p, P, .. p,) vaciing c6 thé bidu didn vecto ¢ = (1, g2, ..., gn) thay
4

'bang ma tran g= ?2 cé;kich j:huéq nx1 . Ma tfén'»chuyén vi clia :nié 12 ma trin

o CH
56 kich thuc,’rc'lxn; d6lamatrgn ¢" =(q, ¢, .. 4,):
-b) Diém yen ngua
Phan tu a; cia ma trdn 4 duqc goi 12 phén tiy yen ngya (dlém yen ngua) néu
thoa man hai diéu kle;n »
o’ a;; 1 phin tir nhé nhit trong hang i;
o ,, a;1a phan t lorn nhét trong cot .

RS rang,. néu aj 1a dxem yen ngya thi ngufn thit nhat sé 1uon théng it nhét 1a aj '\
bang cach chon hang i, ngudi thir hai cé thé gilr cho sy thlet ha1 cua rmnh khong :
qua a,, néu chon cotj . Do dé ayla gui Ir; cua tro choi., N
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‘/4 . _3 L 1\|,
172 SIS i G
via A —] 3 J. =z ’
le e 1)
Ma trdn A ¢6 diém yén ngua la g3 = 2. Do d6 chién thudt toi uvu cha ngudi thir
é,l c ’nhnh o 2 va cho newrdi thir hai 14 ¢hon cdt 3 Jid tri cua trd choi bing 2
nhat 14 chon-hang 2 .va cho ngurol thir hai la chon cgt 3. Glatr v 1g
- L P . Do v A

©) Giditro ¢hm~ trén ma'tra’n-2x2 S
, (ab) ‘7\ ae Ll {\ ’
Cho tro chm c6 ma tran luorng gid A \a o Dé giai - tro choi nay chung ta
thuc hxen nhu sau: L
. Tim diém yén ngya. |

YL
Am van noira dé xiv {h o chié
A ARA Jv & lley“ W ““J “ lb -~ l-’v-

"ﬂ r1
.

l

('D>

:7

1’\
Ja
<

A& hid
U,

(b)

m vAn nagira
AWwiil Jvll llsuu

o 'tél wru. Néu khong c6 diém yén ngya thi ding chién thudt can bén ang.

-
t..,

C:..

[
[¢]

28

Gla sir 4 khong c6 diém yen ngya. Khi d6 c6 the chung minh:

ola>b, b<e, c>d, d<a |

. ( ) {a<b b>c, c¢<d, d>a

Néu ngum thir nhat chon dong dau véi tan suat p (nghla la dung chlen thuat hon

: hqp @1~ p) ching ta cén béng cac gia tr; trung bmh tra vé cho nguou thu nhat
khi nguou thi hai chon c6t 1 hogc 2:

L
N Al
+d(l-p)=bp+c(l<p)e p= ‘B thby 0 < <1do“.
ap (( p) p e( p) p (a b)+(c d) y p<1t ()),
'Gétrtruﬁ binh fré cho thunhtlév a +d(1 )—“n}:"c;bd“
i trj g1 rhc ngudi, a p -p (a b)+(c d)

Tuong ty néu nguén thu hai chon cht'1 v0'1 tan suat Y, cot 2 véi tan suat 1 - q thl

c- b -
(a b)+(c d)

e A " ae -bd J
av= .
va gia tri trung bmh ngum thu hax tré cho ngu'in thu' nhat l v b= d)i
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;'D;nh nghial , L L
Ta néi ‘hang thr i cia ma tran A= (ay) chx ph01 hang thu k neu a,, 2 ay véi moi -
J=12,.,n (kh1 d6 ta cling noi hang thir £ bi chi phéi boi hang thu 7). Ta n6i
hang ‘tht'r i »cua ma trdn A = (a;) chi phm nghtem ngdt hang thir k néu ay > ay vOi
‘moi j = 1, 2, .. ;e Tu’orng tu, cot thir j- cua 4 ch1 ph01 (hoac ch1 ph01 nghlem' ,
, ngat) cot tht k néu a,, ik (hoac ay < < a,k) véx mol i= 1 2,..,m.

il Apliie a =g

hang  bj chi Phé' 'béifhéng*fi du c6 thé dat duoe ki str ung chinﬁh‘ ang i

. T]l’ dmh nohia t trén SI v"r_n_;‘Nhﬂ'nd

..LA. 1.\ Ta Ak nhifne hing b ;

uu xay au'ng trén nhung nang va cQt con lai sau Km xoa di nhtmg nang va cqt bi

ch1 phéi vin 1a chxen thuat t01 ru cla trd chcn Tuy nhién, van c6 thé c6 nhung‘

chlen thuat t5i vu sir dung ca nhﬁ'ng hang hodc cot bj chi phm (khong nghxem
ngét) Do d6 trong mét s6 truomg hop, v1¢c x04 hang hoac cot c6 thé 1am thay
84 sb hx(mg chién thuat t8i wu (song vin con it nhat m6t chién thuat t01 ufu) va
: glé tri trd choi khong thay dbi.

Chung ta con co thé 1am lap lai céng viéc xod hang hoéc cdt nhiéu 14n (neu con

' héng hoic cgt bj chi phdi) dé ma trén c6 kich thuoc nhé dan. '
_y (20 4)
Vidu A=|1 2 3
' 412)
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> - :
‘-b. ~N 6

Al

>

o

(%,%,o) . Luu ¥ hang hodc cft bi xo4 dugc gén tin sult bang 0.

* Dinh nghia 2 |

Mét hang & bi chi phm bot mot td h (the thn suét) cia hang \i 1 kv""a-héng'iz néu
tontalsop(u<p<1)map '11‘( ’P‘c'i,ﬂ?.a,g‘ \Hj—i n o

Cdc hang (hodc cot) ciing co the x0d néu né bz chi phoz béi mot to hap (theo tan

suat) cdc hang (hodc cét) khac Néu héng k bi ch1 phm boi mot td hop theo tan

suat ctia hing #; va hang i, thi c6 thé xoa hang k. Véi ngum tha nhét, chxen thuat

hon horp chon hang iy véi thn suat P va chon hang i, véi thn sudt 1 — p, it nhét
cling tét hon dung, chlen thuat chon héne k. Kh1 do, mol chién thuat hon horp cod
sir dung héng k voi tan suit Di s& du‘qc thay bang chon cac hang i va zz voi cac
tan sudt tuong ung thich hop duoc chla ra tir Pr: tan sudt clia hang it 1a p.po tan

sudt clia hang i 1a (1 - p) Pk

Lap luén tu'ongtuép dung cho cot. ‘ EE
: 0 4 6 SR o

Vidy Xétmatrdn: =5 7 4|
196 3,

Cdt 2 bi ‘chi phdi béi td hqpycéc-'c()t 1 va 3 véi thn suét —;— ‘cho m&i cot nén c6 thé:

ad

0 6)
x04 ¢t 2 vi the A=|5 4] Tlep theo hang 2 bj chx ph01 béi ) hop hang 1 voi
193

tAn suft -;: va hang 3 véi tin suét, -g— 4nén c6 thé xo4 hang 2. Ma trén dugc gia;m udc
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)l 0 6 Vo R « O
vE dang A:{(o ﬂl Dén diy de dang tim duoc gia tr1 tro choi 1a ,v:?,Iugngn;
9 3) ST
c6 the t6 hgp ciia hon 2 hang (hodc cot) s& chi phoi mdt hang (hozc cot) khéc
' l/l 353 \I
Vi du. Xét ma tran A=14 0 2 2{;
| , 37 3 5)
3 NT s /

7 ~ / 1 14 ‘ » . ‘« ‘ ~ ' r ! )
Té hop céc <ot 1, 2 va 3 véi c4c tan suat % cho mb6i cgt 1a chi phéi-cot 4, do d6

c6 thé xo4 cot 4. : ' L
Luu y. Khong phal moi trd chm ma tran deu co the rut an bang 1uat ch1 phm Vi
dy, ma trén c6 diém yén ngua thl khong co hang hodc cdt nao bj chi phol. ’

e) Glél c4c trd choi ma tran 2xn vamx2,

Lm g1a1 cac trd choi ma tran dang 2xn va mx2 <6 thé minh hoa bang db thi.

,,imar 1A —L4 1 6 0} : [l.\‘ \

Gia sir nguori thu nhét chgn hang 1 voi tansuat p va-chon hang 2 voi thn sudt 1 -
Kh1 dé: neu ngudi thir hai chon cot 1 thi gia tri tra cho ngudi thy nhatla-
: 2p+4(1-—v)—4 2p.

Neu nguoi thu ha1 14n luort chon cbt 2, 3, 4 thi gia tri tra cho ngum tha nhat‘
’tu'ongtmgla 3p+(1—p)‘1+2p,p+6(1—-p) 6~ 5pvasp. .

Xét cac do thi chav=4 - 2p, v=1+ 2p, v=6-5pvay= Sp trén [0; l]

| cOtdiv=5p

Ot v=1+2p"

cot1:v=14-2p

cot3:v=6-5p
4

IR

Hinh 9.5
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Véi mdi gia tri xéc dmh cia p nguén thir nhat ¢6 thé nhan dugc mot gia trj 1a gia

‘tri nhd nhét tr trong bén gid tri cta cdc ham v néu trén tuong /uug véi p, khi d6

khong phy thudc vao cdch chon cua nguoi thtr hai. Gi4 tri nho nhat nay la gi
.S

cua mot nam ¢6 ao thi Ia auong dam cnay tren chc auorng map ‘nhat tron 7

,,,,, _ - i Aa < ‘ LAl ‘_... e ar e rwn ..."
ngma 1a khi cnon hang 1 véi h h{r nhat nhén dugc gié tri
k’m nhat trong che c gi4 tri t6i thidu c6 thé phai nhin, gia tri ndy khong phu th

e g " ‘. . 17 :
va fich chon clia ngudi this hai. Gié tr lonnhitdéla v, =—.
‘ LS ) = s 1 max 7.

Ona 43 thi okiine ta efing nhan thiv gis i S ki 13 hes? 8 oiao didm ¢t

\(ua ao ni, Cu'\.'u“xg ta cuing nnan nay glu al pP= ? Cul‘;u ueanu ao g‘.aﬂ digm cua

hoanh d¢ glao diém cua hai au'orng ung véi cqt 2va3n n 'c

3 o ;
( | \ {(méc du ad thx cua cot 4¢6 tham ma vao dudmg dam, tir d6 ciing c6.thé

5 . 5 17 A (¥ 1 As o i y oy A \
tinh duge p =34 9=7 Vi v= 7 Vay chien thudt t0i tru chia ngudi thir nhat 12

[—i—,%) vd chxen thuét tél wu cfxa ngu'b'l thu hai 12 (O,%,%;O) .

3 Nguyén/ I trtmg‘ lg’z‘p
a) Tfnh gia trj trd choi

Cho tré choi ma tran: v61 ma trﬁn Iugmg gxé 1a A(a,,) - Néu ngu'(‘n thir hai dung |
'chxén thuat hén hop t6i wu 13 p (m, P2 - p,,,) va nguén thir hal str dung ctj

thi gxé tri trung binh trd cho ngum thu nhat 1a. z p,a Neu Via glé tri trd chm

1=},

trongchxenthuattourupthi Zp, a; >V Vj 12 *’ : (i)-"

Tuong t\x khi nguén thi hai dung chlen thuﬁt t61 wg= (ql, qz, vy q,,), ngum thu |

nhat chon dong i thi gla tri trd choi ma ngu'cn thu hal phal trala La,jq ; thoa man
v R
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Khi ¢4 hat ngudét cung dung cmen thuét t8i wu thi :

o . S \ L
V=VlVSa=NSNVa <3SN pvaloa =SSN naan
L) T L7 SLa] L Fi%0 |1 T L da Pi%
J=1 . j=t - J=1\{ i=l J i=1 j=l
: w0
=ZP,LZaqq.f)S 2pV=v
Jj=l . i=1

l—l :-—l

ran,
G . @ '\f“" \.' |
- ) i q
V pTAq?(p; P> pm) i ”2'
‘ba»m amrl‘ ) :
4 )Lq"J
= p, Uq) aq; ';--_A(x,,y/)
i=l j= :

b) Dmh If can bing
‘Nguyén 1 trung 1ap duorc thé hlen qua dmh 11 sau day ng lé dinh li cin bang

Dinh I

| Cho tro. chm ma trdn véi ma trdn Iuang gta la A(a,,),,,x,, neu ngu'm '
| thit nhét dimg chién thudt hén hop 16i wu p = (pi, 3, ..., pm) v
‘nguoi thit hai ding chién thugt hén’ hap t01 ey q = (q,, Q2 o Gn)
gid tri tro chm dat dwgc 1a V thi: / . S

va,. ﬁy vo"im,oicétj_cbo'q,-,>_0", o @

va Z =V vdi moi donglco p,>0 ¥ (5).
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v o

<pV+ot+pV+.+p,V= VZp, =
i=i ‘

Din t6i ¥ < ¥ 1a diéu vé 1. Vay(5) da duqc chung minh.

Chimg minh (4) tmmz ty, ‘

Nh& dinh i cin bang, khi blet chién thuat 61 wuy cua m6t nguén thi vu;c t1m
chién thudt t61 wu cho ngudi kia s& nhanh chéng ncm L g
Vi du 1 Xét trb choi Chan-Le ha1 ngudi choi dong thori gox ra mot trong céc )
' 0 1 -2 I
0, 1 hofic 2. Ma trén trd choi la: 4 =[ 1 =23 } va bang thé hién diém
" =2. 3 -4 ’ '

danh cho nguoi Lé:

Ngudi Chin |

ol1]2

o |ojogt
»Ng'u(‘vi Le [1]1]2]3]

| 21213 |4

Ap dung dmh 11 cin bing, goi p (p;, D32, p3) la chxen thuat t8i rru cua nguoi Lé,
9=, 9 ....,q3) 1a chxen thuat t6i wu cta ngudi Chan va V 13 gié tri cua bai
todn, gia st cac qi déu du'ong thi c6 ht;

2"‘2173A= o
P —2p, +3py =V

M o
=2p,+3p,—4p, =V

‘ lPl + P, + P :'l;f
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. (1 11y .

Giai hé nay tim duoc vecto p=| —;—;— | va V=0
\4°2°4)
Ty rlhidn thitdt 431 v = (. e ) nhn moredd Ch¥n frnoiedi ks haile dn m > 0
1iIM LllICIL iuat Wi q \q[, 2, q}} VIIU 11EZUU1L \/lld!l \ 1 Ul ulu 1I l} (81 ll; - U
v6imoi i =1, 2; 3 nén c6 hé gdm ba phuong trinh D a,q, =V vaqi+q1+g3=1.
. . J=t
Alliorrs An con tohoe A 13 ano oo AR ot AL LA A e L U A (TN s AL
INIIUTIE QO IIla& Udll A la I1Ilda td a0l Xully nC T II¢ flay tuoIlg g nc (1) irong qo
44 11

thay pi bm q, suy ra g= Z 55 Z Nhan thdy cac g; déu ducmg nén chap nhén

_duorc hé (1) va suy ra cic ké qué tim thay Ia chép nhan duge.

Vi du 2. Trd choi trén ma trdn vudng mxm c6 cac nhan tr tren duonz chéo chinh
la céc so; du'(mg d, dy, ... d,,,, cac phan tir con lai- ;A0:

~ o\

| (d 0 .. 0
o o 'vdz w0

A
lo 0 0 dJ

‘Ap dung dinh li c4n bang co the giai tro choi nay nhu sau : Gia str. chlen thuat t6i wu
hén ‘hop cua ngum thir nhét Ia P = 1, Pr s Pm) ‘cua nguodi thit hai l1a
q (q1, 92 - > q,,,) Neu q, deu duo'ng, chiing ta c6 hé : p,d, va m01 1 =1,

Suyra p, = -c-i— (2) véi moi i=1, .., m Cong tu'ng vé céc déng thu'c cua hé (a) ta co:

i

-1
L 1
Zp, Z-=>1‘ Z“=>V (Z )
izl l=l l=l ; i=] d
Do ma tran d_ox_{xung.nelnfsuy ra g, == (b) voij= 1, vy M.
Dd V>0, p;>0 véi moi ki =1,..,mvagqg;>0 voi mg'i‘j? 1, .,m nén chép- nhédn
duogc céc két qua nay. . o '
Vi du 3. Trd choi ma tran tam gidc. Trong trd choi ndy ma trén trd choi‘cé dang:
cac phan tir & phia trén (hoéc duéi) dmmg cheo chmh deu béng 0. Xét mot dang
cu thé:

91 ‘



(1 =2 3 -4
le 12 3|
1.=[" T 1 ﬂl'

%_su‘ 01 —4||

{t0-0 0 1]

wTA ’ A s Tw"" v, «
Neug, d au'ang,tac he@® 2 pa,=V.  j=1,..m
J ; =
[Pl o =V
At A 1 —2pl+p2 =V
Luimneia: ‘
' }3191 2P2+P3 = V

Sﬁy rap = V;pz?'3V;vp3 4V p4—4V Do do l =p +p2 +p3 +p4—— 12Vvé tir
dé dan téi: V =T% va p= ( 1 -1— l -1—) cé-thé 1;1 chxen thuat t61 wu cho ngudi

12°4 3 3
thir nhét. Do cac p; deu duong nén tu'orng tu tu' he Z =V (Sv) cling éu’y ra
, | | = e
V~=-—1—;‘ =(l—1—l-}-\ thélé hlén @té gi! h ng mhuhv_D

\37374°12) " G B
_trong ket qua céc pivag; déu duong nén ket qué néy du'oc chap nhan

Vi du 4. Trd choi trén ma tran d8i ximg bo. D6 14 trd choi ‘han ché, c6 ma trén :
luong gi4 13 ma trdn vudng mxm va bao dam a,,-—‘—-a,, v6i moi i, 1 =1,2,.,
Trd choi Gidy-Kéo-Biia 1a. dlen hinh cua loai ndy. - :

. Trong tro choi Glay-Kéo-Bua ngum thir nhét va ‘ngudi thu hai déng thoi chon‘
va hién ra mét trong ba vit: glay, kéo hodc bua. Néu hai ngum chon vt nhu
-nhau thi gia tri tra vé 13 0. Néu hai vét chon 13 khac nhau thi Keo thing Gxay,
Bia thing Kéo, Glay thang Bia. Néu glé tr1 tra vé cho ngu'ox thang lé 1, c6 ma

tran lugng glé nhu sau: : ~
' B Ngudi thit hai_
] Giay: Kéo Baa |
5 Giay | 0] -1} 1 |
Nairdyi thiv nhit |17 7 3 g p
INEUOl iU nnat | Keo i ] 0 -1
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Ma trén nay. do:« xung bu, nen tr6 chm thudc loai déi xung. Céc phan tr trén

dudng chéo chinh bing 0 (diéu nay ciing ding cho mot ma tran dm xung bu bat
Kivig,=- —Q; n‘ﬁa =0 vGéimoii= | S m). )

‘ RN P AT |
Dé dang giai cac'hé (4) va (5) dugc két qua: p ={ 353 }=q va gia tri tro choi

€6 thé chimg minh tbng quat: Trong trd choi han ¢hé ¢ ma trdn dbi xiing b thi
‘gla tri trd choi béng O Mot chlen thuat 16i wu cta ngum nady ciing la chxen thuat
t6i wu cia nguoi kia. '

¢) Cac ba’t-blén |

v Dpth nglua 1 ) S .

' Gidst G = (X Y A) la mot trd ChOl co glou han va g la mgt phep blen dbi 1- 1

cla Y len Y. Tro ChUl G lé bat blen dudi tac dong . cia g néu v6i mdi xeX thl c6
| duy nhat mot x'eX sa0 cho A(x, y) = A(x', g(y)) vt’n mox y €Y. '

| VI du. Xét trd choi G =1(X. Y. A) trong d6 m3i chié

L4 WP l‘\f\- U‘V Ull\ll A 4 ALhy 4, Jll uv&&b WV LA A

va Y I3 chon mt ciip sé nhu trong béng sau':

Cac chlen thué.t nguyen thuy Y cua nguorl
thi hai o

- Chién thuat nguyén thuy X clia
- nguoi th nha?'lt: o

Tép Y={(3,0), 2, 1), (1, 2), (0 3)} phep blen dmgducc d;nh nghia nhu' sau
, g((3 0) =0, 3); g((O 3)) (3 0); g((2 1)) (1 2) g((l 2)) = (2, 1)
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AN

-

_Al AL

uuynnatx =(0,4),g0)=(,0) ma A{x gr

Y O

- tra vOi moi gia tri khac chax va y. -

R A
Bodél
{ ~ : { . £ 2
Néu tro choi hitu han G=(X A la bat hié iriti hai phén bién doi
W SERS WIS TEIV A TR s NPy By dRy etm Uasrr Uewis W ie Trbar pAIET S R
N 7 I 4 - 7 :‘
. 1.1 ld ¢: va s thi G ciing badt bien dudi phép hidwn AAdi o4 o Adrrere Yde
4=d i 5[ YU 52 e T6E UUE VI VRV I UNWE WG K08 Wy sy

™
Qi
m k‘
™

Néu tré choi hitu hah G=(X, Y, 4) bdt bié’n dudi phép bién déi 1-1.g
thi G cung bat bién dudi phép blen déi g' (g la phép ngh;ch dao
cua g dwoc dinh nghta gg 1= gl g=e (e(v)'“v Vi moi veY) '

e LA 1

gém G hop nhén céc pnépmen déi. Ph L'f duﬁ 'v"; clia un()“’i 1a phép bien dbi
ddng nhit e o

Tap % gdm céc phép bién ddi g twong tmg trén n X cung tao thanh m@t nhom véi
phin tir déng nhét 12 7 ma #(x)= x v6i moi xeX,

r bhalion i) A7 ¥

Dinh nghia 2 N ‘
Mot trd choi hiru han G= (X, Y A) la bat b én tren nhom cac phep bién dm go
néu né bét bién véi mgn phep blen dm gcua g, nghla la

A, y) = A( £(x), g(») véi mQI_ xeX va vo1 moi y €Y xay ra voi mc_)i gepP.
Dink nghia 3 | a | SRR
Trong trd choi hitu han G «, Y A) bét bxen trén nhém go (nhom cic phep bién

" dbi 1-1 caa ¥ lén Y) mot chlen thujt hén hqp qg= (q(l) q(2) - q(m) cho nguoi

» mmervévélmolge 0.
 Djnh If

thir hai dugc goi 13 chién thuat bét bien dum nhém 7] néu: q(g(y)) q(y) véi-

| Néu tro choi hitu han G=(X, Y, A) bdt bién f.z 5i nhn 1 thz 16n tai
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Vidu 1. Tro chai ghép xu

Hai noudi chgi ddne thai chon va hién mdt mit ciia mot _r"‘ _d xu dane cir
Hai ngudi choi dong théi chon'va Hign mdt mit cia mft dong xu dang cam
T, ek . P o F4 N A s - « X ol J SN o : P
(dong xu c6 hai mit: sap va ngira). Ngudi thir nhat thang neu hai mét xu cila hai
ngudi ‘gibng nhau, nguoc lai thi ngudi thi hai thing. Ma trdn luong gia 13
A =t ) 1‘ }! ‘Trong trod choi ghép xu, X=Y={1,2} vaA(1, 1) =42, 2) = 1
AAn AT I = A1 1Y =_1

lel/ﬂ\l, L) ﬂ\L, i) ' l-‘ - : ‘

Ngudithirhai |
Ngua | Sap

| Ngudi thirnhét | Ngga | 1 | =1

b‘_apl ;‘i— |1

;‘( ‘ hY b3 ) x
dong nhét con gla phep blen d01 sao cho gbh= 2 g(2 = h1 én thu_t hon hop
(af1Y a0 13 hat hidn dirdi nhéam o ndu af DN =2l 1N = (N Do ol 1)+ a7 = 1
Y 1), Y\ &)) 1a Ual VICR UUUL JIVILE §J. 10U YR\1) 7 Y1 )] — qR <. uu Y i) v q\a) i

Tuong tu p(l) p(2) 1a mét bt bi é n duy nhit va do d6 ciing 1a chién thuat 3

cho ngum thu nhat

Vi dy 2, Tro chm Gtay-Keo-Bua la bat bxen dudi nhom o = {e g g } vm‘
g(glay) keo g(keo) bua g(bua) glay

Do d6: q(gxay) = q(g(gxay)) = q(kée) = q(g(kéo)) = q(bua) Vay chién thuat tm ’

: 1
uu c6 tin suét —3— cho m01 loax gxay, bua va kéo.

Vi du 3. Tro choi Colonel Blotto

_Phat bidu. Ngum choi thir nhat la dal ta Colonel Blotto co bon trung doan cén
chiém Hai tram. Ngu'orx choi thu' hai'la dai té Lleutenant Kije c6 ba trung doan

cling Irmén chibm hai fram név Mﬁl bén r'ipn mnnn airi nhidu t"‘“"g dodn nhaf ’dn

SAAWSRS AL WAALWALS Aals. eul ALAREW S AL AARALES

L.\ A

:chxem mot tram va cac trung doan con lax ding dé chiém tram kia, Gia tr1 tra vé
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1 1 . ~ A, 2°A . As ag LN o Aa

cno nguot ¢not nnu sau:. s¢ 4UQ'C mot diem Xni cniem -auoc - mot iram. va 1ol
A Ll Rt Avren maAf fritna Andn Anra AR mhivcrvno (Lhi or‘\ MIANn o ﬁén F\n,n"

> U.l‘-‘vl‘ L1 WL u\!a“ Vua ‘UU]. 11U \Nu D\, “all;s :l u,\il}. Uué

m chidn thnat thnan uy mb Colaonel Rlotta ¢d thé thire
\'lluu‘ . Savs LAV WS ‘r S A

»
»

i h,

X={@4, 0), (3, 1),(2,2), (1, 3),(0, 4
giri n; trung doan di chiém tram 1, giri n, trung doén di chlem tram 2

, Lleutenant Kije c6 bon chién thuat nguyén thuy, Y= {(3 0) (2 1), (1, 2) 0, 3)}

A 42 A.. A #ad 42 A AL
via gl ypld U}l a vo uu

Béng a)

Tlec réng ma trin 5x4 nay khong c6 cac dong va cgt bi chi ph01 Tuy nhxen, c6
~ mft bit bién trong bai toan nay lam cho v1¢c g1a1 no don glé.n di kha nhxeu Blcu
ndy lién quan t6i tinh abi ximg glt'ra hai tram can chlem Xét nhom go {e, g} ma

83, )= (0, 3); 8((0, 3)) = (3, 0); g((2, 1)) = (1,2 g((l 2)) (2, 1) va nhém tuong
img %={z, g}, trong 46 2 (4, 0= (0, 4); (O 4)) (4 0) g((3 )= (1 3)
g((1,3))=G, 1) E@2))=22. e Ly

 Céc nhém tuong duorng cho Kije 12 {(3, 0), (0 3)} va {(2, 1) (1 2)} Do do
chién thuat qla bét bién neu q((3 0)) q((0 3) va q((2 1)) q((l 2). 1 ‘
‘Tuong tu cac nhém tuong ducmg cia Blotto 1a {(4 0) (0 4)} {(3 1), (1 3)} va
{2, 2}. Do d6 chxen thuat » cho Blotto lé bat bxen neu p((4 O)) p((O 4)) va
P((3 ) =p{,3)). .



ER : o . 1
. n fm N H
- (3, 0)*: sirdung cac chzén thuét (3, 0) va (0, 3) vé6i tam sudt — cho mdi
\~3 ,’ o R 3 ~2 ~ - \¥ > rd \N*T rd i ;) =
kil thitdée :
Ulllcll ulu@l,
oy ANk ‘ /1 LN fe AN L oYX N ‘; 1 i) - X
- ‘(Z, ) Su aung Cac cmen mu ( y L) va (i, £) vorian sut : cno mot

.....

Tuoﬁg tu chung ta c6 thé glam cac chién thuat cua Bloto thanh ba phén tr
) ‘:-v 4, 0)* . st dung cac chxen thuat 4, 0) vé (0 4) v(n tan suét % cho mdi
. chlen thuat; | | ‘
. (3,_ 1*: st dung céc ghién thugt 3, 1) va (1, 3) véi tén suat -;- 'ého,~m5i

L
NICT

o : (2 2): khi sir dung chién thuét 2, 2)
: .Véx cac chlen thuat nﬁy, ma tran gia trj tra vé duqc thé hién qua bé.ng sau:

 tlaa R4,
uuat,

(2]
G»
i

S G0 |2, |
‘, (4,0)* 2 15 |
e o [ 15
o @y |2 ] 2
: : S —
“Chung ta gidi thlch vé gla tn cua o & goéc tren-tra1 Neu Blotto dung céc chién

' thuét (4 O) va (0 4) vcn tan suat 5 cho méi chlen thuat va Kije dung céc chlen‘ :
thué.t @3, Q) va (~0, 3) cling vc’ri ta‘m suiit % cho moi chien thuét t}li ’bon 04d b6n
'géc ciia béng a) (bang gié’tt"iA tré vé) Xui'it hiénVVéi tan suét -‘—11— cho méi 6, do dé

giéd trj tra vé cho 6 & géc tréi-trén cia bang b) 13 trung bmh cqng clia bdn s6:
4,0,0, 4 la2. G1atr;talcacokhaccungtmhtuongtu
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Bay gio chuing ta g1a1 bai toan véi bang b) Chu y dong 2 cb thé duqc gian udc
bm dong i. bau dé 21a1 tro chm tren ma tran 2%x2 ae dang suy ra Ket qua \,men

\ ‘ , RN ‘
13 8 0: 1Y) s 1 . f
thudt hén nop tox uu cho blotto ia { ; 5)\( Chién thuit n5 n(ip 161 ru cho
.. (1. 8) 14
Kije 1a | —;— . Gia tri tro choi la —
\979) 9
'Quay vé ma trin cho & bang a), cnung ta im dwoc chién h 0t 6: rucho Blotto
(4 b4 1. 44 , o
la ( —;0;—;0;,—| va ‘chién thuat t6i wu cho Kije 1 —;—;—;—|. Gia tri tro
SR A D \ 9°9°1 /7, :
choila 2, S

9 ’ ‘
4. Gidi tro choi han ché
" a) ChiénthustBaye

Ncu nguoi thu nhét sir.dung ch ién thuat va ngum thu ha1 st dung chlen thuat: q

/S 7 pNn 4 3 daimzew e mla 42l v A SR A e
il gld Ul UUUB Ullul ua Ve 1@ iy [

Neu ngudi thu nhat du doéh nguon thu ha1 dﬁ chon mgot chxen thuat cu thé g, th1

nguoi thu nhﬁt sé chon hang i sao cho Z jq ; dat gla tri 16n nhat khi d6 gla tri,

trung bin’h tra vé cho -nguc‘ri',th«i’x;:nhét 1a ng{z a,q j}, hodc: ééch;;u@g duomg
. » . ‘ S m | . : ' o s
I4 ngurdi thir nhét s& chon chién thudt p sao cho p"Ag ddt gid tri 16n nhét, gié tri
tra ve cho nguén thu nhat s& Ié max{ 4 Aq} Co the chu'ng mmh ‘

i

e {Z ﬂ,} na {pTAq}

M3i chién thudt p dé p"Aq dat duoc gid tri 16n nhdt duoe goi 14 chién thust ai
pho t6t nhét (hay chién thuat Baye) clia igudi thir nhét chéng lai chién thudt ¢

t .
L PR porien
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cua ngu’m tha ha1 Trong tro chot han ché

AL P, .
&

baye cnong 1'41 mbi cmen thuét g clia
+_ 2

M
o
:
S,

n tai chlen thuat nguyén thuy

Tuong ty, néu ngudi thir hai d

gr
= =|
g
[
S»
-

nguoi thi hai s& "c‘hgn.‘cf)t J sao cho Z p,a,, dat gla tri nho nhét hoac cach tuong
duong 151 ngudi tha 'hai s& chon chién thuat ¢ sao /chp D Aq dat\ gia tr1 nho nhit.

(& 1 .. (1.1
‘Tuorngtuco 1\31(}”%{ .ijip{p Aq}.

z .
s 1.2 A - DR

MOl chién muat q dé D Aq dat gia trj nho nhat dugce goi 1a chién thuat doi
nhit (hay’ 1a chlen thuat Baye) cua ngu’m thir hai ch6 ng lai chlen thudt p cua
ngudi thir nhat - T ~ o R .

-
’Ui
o S
o~
—r
O
-

Sir dung chién thuat Baye 12 mdt trong cac cach dé ChOl trd choi. Tuy nhién cé
thé sinh ra diéu bt lgi (nguy hiém) khi dox thu ch01 mét chién thuat tot hon
chlen thuat ma ban dy doan’ dbi thu s& dung 7 R

b) Gia tri trén, gid trj dudi

_Bay gio glé str.tro choi quy dlnh ngudi thu hai phai thong béo su lua chon'
chién thuat hén hqp q trudc khi ngum thir nhét lya chon chién thuét cia minh.

'Su quy dinh nay cua tro chm c6 18 tao thuén lgi cho _nguoi tha nhit. Néu nguoi |
thir hai théng bao chon ¢ thi ngudi thu' nhat sé chon chién thuat Baye chdng lai ¢

va nguorl thir ha1 sé thua trung bmh mot luorng lé. max{ pTAq} Tuy nhlén, néu

k1

ngum thr ha1 blet dleu nay thi ngucn thr hai s& ch()n thong bao g sao cho i
{ TAq} dat gia trj nhé nhat Gi4 trj nhé nhét caa max{ 4 Aq} voi moi q ki .

hle;u lav va duqc goi la. gid. tr; trén cua tro ChO‘l Vay

V= Mln{MaxZa,,qj} Mln{Max(p A‘I)}

- qeY> {1sism j=l ge? pex’

Gia tr; trén. V.1a sw thlet hai trung binh nhé nhat cla nguon thu hai khong phu
thudc vao cach chon chxen thuit cia ngudi thi nhét. Mt chlen thuat q aé

max{ pT Aq} dat. glé tri nho nhat duogc goi la cluen thu@t Mmtmax cho ngu'ox

n=Y

thir hal No cwc tiéu hod sy thlet ha1 t01 da cua ngu'(n thu’ hai.
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Lt Alzf sl fAe LR bl o3 oar gl LAl g L. tain ke Lt st yrwies thie lhal
DaL ClIcCIL Uluat o1 nup a dl ua Clion-- UWUUU Al TIgUUl ulu 1lal
'S ! . . )
hra chon chidn-thnat cnia min hi 44 nowd thiy hai €8 chan o ¢ao cho o013 tri
‘v»\uv_’l“‘l‘l‘ NALANAL ul“?‘ W Ay ALAARAAL. ARNIARE W Meuv. RANLE SAWAA: W Vl.\‘l“ ’ TR WA a-— -
nhai trd 13 nf Ax Aot 414 411 nhA n‘\éf Nhirng noirdv tha nlﬂ\é\f né" "\;éf tinh hnAno
pnai ua ia p Aqg Gat gia U} nnd nnat. \Naung ngull Wiy miaal Nl o1t i 4uong
Gxe #hI o i S A Gl n s do it A ] ] AV AAt hirevo oid i 140 nhit
1ay. tni nguol tnu nndt s€ cngn p sao ¢no. Min| p' A9 | dat Qugc gia il 101 1aat;,

qe¥ * !
.v&f 014 e trino hinh notrey thiy nhit dat diroe 13
Y 51“ iKW ullé ikiil Axsuul i lu!“‘ WAL u“\l\i’l“
SR ' T
V =Max {Min|; E pa; |p=Max Mm(p Aq)
—_— . i ) .
peX’ | 1s/5n ~peX’ | geY

Dai lugng ¥ goi 1a gid tri du6i cda trd choi. N6 12 gi4 tri 1on nhét nguoi. thir
‘ nhit dat duqc khong phu thude vao sy Iya chon chlen thudt cta ngu‘m thir hai.
Mot chaen thuat p sao cho Mm( p Aq) dat dugce gia tri 16n. nhét £oi la chzen

thugt Ml max cho ngu’én thu nhét. Vay trong tro chm han che, ngudi thu nhat ’

cung ludn cé Cmcn muat 1vummax
Luru y. Néu quy ludt choi yéu cAu ngudi choi II cin thong bao mit chlen thuat 'hén

" hop cita minh truée khi ngudi thir nhét chon chién thuat thi chua hin d3 1a thusn loi
cho nguén thir nhét vi ngudi thit hai ¢6 the thGng béo mot chxén thuat Mxmmax S
Chung ta thua nhan nhfmg ket qué sau “ | ‘
Dinh li 1 | | , | |

Moz tro chaz han che deu co gza trz tro chm va ca hat ngu'm chm deu'

co chzen thudt Minima. *

Pjnhli2

Gid tr1 ‘duwdi thi nho hon hodc bang gzd Ir1 trén : V < V

-

- Néu V < V thi gza tri trung binh tra ve cua tro chm la Vse thoa

mdn:V<SV<V., o g
. Né , Vv V thz ton taz gza m tro chm gza trz nay kl hzeu la V va
. V__=Vx,=,«V., ‘

B o H

- Néu gid i V ton taz thl chzen thuat A/Imzmax Ia mpt chzen thuqt
i wn. :
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Dink i3 .

IJ\1

v'éu/i—ka,j)vaﬂ—\a) acmatranma a,J"ca,J+o Voic>0

thi chzen thudt Minimax cho nguoi thir nhat va nguoi tlm hai trén ma
trdn A ciing la chién thugt Minimax cho ngu-m thie nhdt v ngu-m thir
hai trén ma trén A'. Néu Vla gta tri tro chm tren ma tran A thi gid

Ar TN T

"'l "'OCHO'I trenmatranA ayv —CV +D

o
o
£
&

vé ba. toén Iap trinh tuye'n tinh

Ngudi thir nhit muén chon p = (p, pz', e p,,,) sao cho' Min [ Yo a,;l,.j‘ dat gia tri

. lSjS’I L‘—" !
16m nhit. C6 thé coi c‘iéy'lé mét bai toén : tlm DLy P2y -y P 530 cho hém muc tiéu

Min {z pa ,j} dat gia tr1 l(m nhét vc’n rang budc : p, +p2 + . +p,,, =1 vap,iz,()

ls;s;r

vél mm i=1, 2 s m. Cé the chuyen béu toﬁn nay vc ba1 toén tuyen t1nh bang

N

céch them bxcn v thoé réng buoc v <Mmiz pa, } va co gang cuc: dal v (céng,

llérn cang tot trong rang buqc mé'x nay) ’ ‘
,Béu toén dua ve Chgn vva pl, pz, cve» Pm sae cho v dat gxé tn lén nhat véi céc
rang budc: v<Zp, a,; _Zp, dys ,v<Zp, . ,p1+pz+ '+«Pm=‘1§p1‘2 0

lsl . : . ‘, ':l i

vénmou—l 2

Day 1a mot bal toan tuyen tlnh De gxal bél toan nay chung ta cé the giai béng
mét thudt todn don gian 14 thuft todn don hinh. o

Tuo'ng tu, xét ba1 toan trén quan dxem cia ngu'én thl’x hai cling dan téi bai toan
tuyen tinh tuong tu. D6 13 bai toan sau : N

Chonwva g, qo, ..., q,, sao cho w dat gxé tri nho nhat vén cac ré.ng bude ;.
w zZa,jqj ;W Z'Zazjqj ;' ey W ZZa,'”jqja; q1 + @t ... tqn=1;¢>0v0
Jj=1 g | VTR ) k

moij=1,2,...,n
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Mt cach khac chuyén bai toan vé dang c6 thé 14p trinh tuyén tinh 13 : Gia sitv > 0,

1

FSo p f IR IS NS | . N P 1\ Y
dat x, ==+ thirang bu00p;+pz+ .+ py=1thanhx; +x;+ ... +x,=—. Timv

v . ‘ ST v
7‘.1 i sy, , A, . 1 e . 5. A
dat gia m ,umrn'nat tuong duong — dat gla tri nhé nhat. Ching ta loai v khoi bai
e Lon X 2 LLAZ b‘/... aan Lud ;._.~ .
(L8 1 va LU 0dl Wadll mUl-S'dQ .
Chon x,, X2, ..., Xm sao cho x; + x2 ot X dat gia tri nhoé nhat véi cac rang

1

budc : 1<Zx,a,1,1<2x,a,2,.. 1<Zxa vax,>0vénmou=l 2 sm.

i=l i=l i=l

» S‘au khi giai xong bai toén nay‘, 161 -giai ‘cﬁa‘, bai toén:‘chuén la:

y= va chién thudt t6i wu cho ngudi thir nhét s& 1a p; = v.x; voi

ciiRb b hen A RS SIS o~
nuglt tuun aon ninn ae giai t trd h i h an Ci 15

Thuat toan don hinh giai trd chm han che duoc dung khi ma trén tro choi khong‘

¢6 diém yén ngua va cling khong con thu gon duorc bang luat chi ph01 Céc buoc
thyc hién thudt todn nhu sau: NP

Buoc 1. Cong thém mot héng sb vao céc phan tir.cia ma tran trod ChO’l de moi
phin tir déu du'ong Can ghi nhé sb nay dé cubi cung s& trir gia tri t1m
dugc cho sb nay, de (4] glé tri tro choi trén ma trdn ban dau. ‘

Bucc 2 Tao bang ¢6 gia sb.—1 & cic 6 thuoc dong cu01 (dong m + 1) va gla so +1
© & céc 6 thude cot pha1 (cot n+ 1) gia sb 0 & goc phal-duou (dong m+ 1,

cotn+1)
) " Sl " ]
x\lr‘all du an 1
x| @ fan || am 1
Xm | Om1 | A1 | - | Qi 1\‘
-1 |-l ~11{0
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Bu-oc 3. Chon mot o ben trong bang lam diém chot gla sir d6 la 6 thudc dong p

201 ia cot chot so tal dlem chot 201 ia so

(]
O».
~
—-\
)]
=N
Ja—
e
> 0.
o O~
5
D.- {
O~
ﬂ
o FQ

L QA ¥ni Ailen ARALTA A0+ A1 shai Advrevear
T OU |.c.u,u1c 111 L1LUL 1a ﬂu} s ‘IJ Pllal UUuuUin,
' ; roo oy
’ T2 & i %A 1 £ £ 14 0, Alpint+l] £
+ Ti s6 gitra gia s6 trén dong chot va so chot la —*~———2 phai nhd nhat
=4 [=4 & ;o ) of
L A[p’q

v6i moi s6 duong A[p ; q] thude ‘cot q. . v o o
 Bude 4, Thay dbi gié tri céc phén tir cila bang nhu sau :
| Alps )AL q]
- Al p;q}

tai céc 0 thuoc dong p (tru o chot) bO‘l thu'orng gura sb tai 6
ai 6 ché.. ‘ :

: +Thay s tai cacoA[z ,]] (I;Epva];éq)bm A[z j]

~ +Thay ca

, .
do vaso ta

. h <
+ Thay cac sb tax cac ) thuoc cot q (tru 6 chot) bO‘l so dm cua thucmg
gilta s tai 6 d6 va sb tai 6 chét.

¥ Thay s6 tai & chét boi nghlch dao cua no.

C6 thé minh hoa nhu sau ;
g ‘j¢q R . )q | ' J¢q
) :
p x 4 p - X
- HEE X ‘ X
%I £
| o . : t -ty
# t b z. iz -— :
llP o e 1#Fp S R
Trudc budc 4 S N ”' 7 : Sau budc 4

Buréc 5. Thay nhén cua cdt chdt va phan clia dong chét cho nhau (nghia 1a p va q
601 chd cho nhau).
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N

VI dg. Xét ma trén trd choi:

thén dxém cudi cing, cic b'én tia ngurdri thir nhét con lai ’trérfx
qécété_nsuét() cécbtén i it 1 ¢ trén don
cing cia béng s& nhén gi. ta i de n'g‘éuéi_ ciing thudc cing cft chia

ﬂ’ ﬂ‘ ‘Af'ivﬁl

\ih\l slﬂ Ll* lql BEYv Pum'uuux

AChxen thuét t6i wu cia nguén tht'r hax du'qc xéy du'ng nhu' sau : Ta1’
théi dxem cudi cing, céc blen cua ngudi thir hai con lax thuéc dong
‘tren cing sé c6 tAn suft 0, céc bién cua nguén thr hai thuoc cft bén
tréi cia béng s€ nhén gxé tn tai cot ben phél cung ddng chxa cho gid

trj tai gbc phé.x-du'é'x

' Ma trin ndy c6 Aphﬁhyﬁ,h’x nhé nhét 14 -2, do 46 cin thuc hién buéc 1 chuyén vé

104

, 4 1 8 ~ , .
’ ma trdn: A'=]2 3 1 , ma trén nay khong cé dxem yen ngu'a vé ciing khong‘ -
‘ 0 4 3)
- thu gon du'qc bang luét chi pho: Y
Thuc h1¢n bude 2 c6 béng sau:
| AR
411814
x21 24131111
e lntal 211
B JI»} \J T J Ak
~1|=1]-1]0




'Thuc hién buérc 3 chon duoc & chét (thude mqt cot tuy y vi céc sé thuoc dong

cu01 cung cua bang Ial cac CQt Y1, Y2 va ¥y aeu am), COl’l (10!12 cua o ChOt Dhal

: K X A
theo quy lﬂat dz neu ti'cn Kel qué cha)n dirq,-c dchot 146 (x15 31 ;

Thyc hién buéc 4 va § of bang sau :

; | wy; Y2 iyl
dob vy b
el -_— pA —
Y R 4
105 1
| —— | = 3| =}
22 (T2
x| 0| 4|31
4 4| |4

Thl;c hxen buéc 6 thay phéu quay vé buérc 3 chon 6 chot méi 13 (xz 3 V2).

-t S B PV S I SN
Thuu hléu UUUb 4 va 9 O D g hY ‘
. . 5 |
_y; »n Y -

x| 03 |-01f23 |02

x|-02] 04 [-12]02

75| 08 |-16] 7.8 |02

01 ] 03|01 [04]

Th\xc hle;n budc 6 chuyén sang buéc 7
Gia tn trb choi la v= 612—2 =%-—k (phél trir d1 2-vi ban dhn cac phan tr

cia ma trﬁn duqc cdng them 2). A
Chxen thuat tm uu cho ngum thu nhat la p (0 25 0. 75 0)
Chién thust tm wny cho ngu'm thu' hai la g = (o 5; o 5; 0)
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choi. M6 hinh méi nay goi la dang mé rong. cua trd chorl o] day de cap t61 ba khai
niém co s cdy tro choi, buéc di ngau nhién va tap théng tin vé trd choi.

a) Cay trd choi

Dang mé& rong cua tro. chm 1a md hinh ding db thi cé huong dé mo ta trd chm Do
‘thi ¢6 hudng 1a cap (7, F) trong d6T la tap khong rong céc dinh, F 12 m§t ham sao
‘cho v6i mdix € T ¢ tap con F(x) eT (goi F(x) 1a tap cac dinh theo sau x). Khi

ding db thi c6 huérng & biéu dlen trd choi thi tan dinh biéu dién cac vi tri clia:

tré choi, F(x) 13 tap céac dinh c6 thé téi tir x sau mdt phép di chuyen (mot’ budc di

hay 14 mdét lugt di cua mot ngum choti).. Duong dx tu to den t; 1a day

fo = Xg, X1, ..., Xp =1 ma x; 12 dink theo sau cta dinh x,., vél i=1,..,n n. Trong
‘ ‘cta trd choi, ching ta thurome - g3p mot dang én c_lfla d(;‘) thi ¢

- SAORAAVE, MRARVUE S e b - RAANS

dang m¢& rong
hudng d6 1a dang cdy (hay con goi 14 cy trd choi). - i
Dinh nghia ‘ . o o

Cay la b thi c6 hudng (T, F) trong 6 cé mqt dmh dac bxet fo goi 1a gbc hoéc
goi 13 dinh khéi diu, sao cho véi moi dinht e T khéc to tudn co mot du'(mg d1
duy nhat tir £y toi ¢. Dinh khéng co duodng di toi dmh khac goi 14 14 cua cay.

Trong dang mé rong cia tro ChOl tro chm duqc bat ddu tir dinh gbc va tiép tuc
theo cac dudomg di dan ve ‘14 khi ngum choi 1an luot thyc hién cac phep di
chuyen cua minh (la cua cay 1a céc vi tri ket thuic tro choi). Tai céac 14, cac luat
choi cho phép x4c dinh gia tri tra vé cho ngum choi. Véi trd choi cé n ngu’m
choi, tai 14 s& c6 b n gia tri tra vé: ' : B

Do ching ta chi X6t trd choi hai ngudi co téng diém bfmg 0 nén gla tri tra vé chi la
mot con sb thé hién diém nguorl thu nhat thang ngucn thu hai. Mot ) trong cdc
dinh khéng 12 14 s& duoc gin cho ngudi thir nhat c6 quyen chon phép di chuyén tir
dinh d6. S6 dinh con lai gén cho ngudi thi hai 6 quyén chon phép di chuyén tir
dinh d6. Tuy nhién cfing ton tai mét sé dinh don & cé thé nhan cdc budc di khong
biét trudce 1a thudc ngudi nio (cac dinh nay thude budc di ngiu nhién).' ‘
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. . . X:
Birde di ngdu nhién. Nhiéu tré choi chira cac bude di nghu nhién. Chang han.
gieo xu, quay banh xe trong trd choi may rui, quay chiéc 16ng 13n béng trong trd
o 3 AT 4 ~ 4 Ea § 4 N o o (=4
1. e A Ata.n [ AP I T QU INE S UREIE I G RN TR ST T Y- S =Ly
€no1 X0 S0 10t0... trong nnung tro cnoi nay, nnng puoc 4di ngau nnieén ¢o vai tro
N ‘ “r ) |‘ N ~ ’ ALt z s ‘T PRI PR P .

quan trong. Ngay trong choi cd ciing c6 mét budc di ngau nhién la phép gieo xu
+hodc stc siac dé€ xac dinh ngudi choi nao dugce di trude va do d6 buéce di dau tién
LA ~ R S ; \ Y . s AL LeAL i 1a
c6 thé tao ra nhimng loi theé ndo d6. Trong trd choi bai, budce di dau tién cling la
mét bude di ngdu nhién, d6 1a bude “trdo bai va chia bai”, mdi ngudi choi chi

iiiy . Y 138 :3
2

nhén biét- duorc mot phinkét qua cua budc di ds .
ma ho dugc nhan) nhung ho khong biét dﬁy dn th6ng tin' vé két qua nay (nhung
quan bai ddi- thu nhan duge 1a gi). Budc di ngiu nhxen nhu 12 d3 tao cho mdi
‘ngudi choi mdt tin sudt khac nhau dé nhan dugc mot ket qua nhit dinh trong
buorc di nay. Ki hiéu budc di ngau nhién la N.

T homz tin. Mot khia canh quan trong khéc khi chUn2 ta nghién ciru dang mo& rong
cua trd choi dé la thong tin cho ngudi choi biét ve thu tu cac budc di chuyén.

|

D) vén co ban KEI [nUC ITO cnou Dal

Mot trong \cac trang tha1 clia tro choi bai co md hlnh toan hoc .don gian va huu
ich nhét-la “danh cuoc cd dlen” hodc con. goila“ ‘van co ban két thuc tro choi
bai”. Van- co ban két thac tro chm bai nhu sau: Ca ha1 nguoi dit 1 dong tién
cuoc dau tién vao glua ban. Sé tlen gitra ban bay gio la 2 dong (khi so tién giita
ban ¢ tir 2 dong trgy len duorc gox 1a mdgt binh tlen) Ngucn thr nhat rut mot quin

bal' tir ¢ bai. Gla st n6 c6 thé'1a quan bai chién thing véi thn suft % hodc c6é

thé la ‘quén bai thua véi tan suat 7 (quan bai rut ra van up). Sau d6, ngudi thu
nhat s& chon kzem tra hodc dat cuoc :

- Néu chon kzem fra thi quan bai cua nguén thu’ nhat s& du'orc 1at 1én kiém tra
(xem né 14 quan bai théng hay thua). Néu ngudi th nhét cé quan. bai chién
thing thi anh ta chiém binh txen (do da lay duoc 1 dong tir nguoi thir hai),
nguoc lai thi nguoi thir nhit mat dbng tlen dat tru'orc cho nguoi thir hai.

- Néu chon dat cuoc thi dat thém 2 dong vao binh. Sau dé nguoi th hai
(khong biét quén bai ctia ngudi thir nhét) sé chot bat hoéc goi bai.

o Néu chét bai thi mét 1 déng da cuoc.
o) Neu goi bai thi dgt thém 2 ddng vao binh. -
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Sau 46, quan bai cua ngudi thir nhét duoc 14t 1én, néu 13 qua;n bai thing thi nguon
{11

‘}aat halls 3. dﬁns (1 déu& dat cu-gc t\r“x&n‘\la 2 ﬁeng i'at CIW\'{' cn"‘ nnn lb

quﬁn bai thua th1 ngudi thir nhat at 3 donp. cho ngudi thit hai.

Céy cua

i

Hinh 96

: Trong trd chm c6 ba phép di chuyen ' , : :
.o Phép di chuyen ngau nhlen 1a N de chon quan ba1 (thang hay thua) cho
 ngudi thirnhdt; P
o Cicphépdi chuyén ctia nguéu thir nthat: kzem tra hoac ddt cupc;
o Che phép di chuyén cia ngudi th hai: chof bdz hodc goi bai.
Tai’ m61 dinh cua cﬁy, chung ta gén mot nhan 13 sé hlq:u ngu‘bl choi di tu' dmh

ndy. Khi I8p trinh, phép’ chuyén ngau nhiér (phép it quin bai dﬁu tién cho.
ngudi thir nhét), c6 thé duge tao ra bing céch tao nghu nhién mot s6-tw nhién

(chang han vé6i thn suat thang 1a % va thua 1a ) cé nhan Ié N. Tren mbi cung
gén nhan xac dmh 1a tén phép di chuyen |
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Giéa tri tal cac lé thé hlen sb tién ngum thir nhit thang (neu la so duong) va thua
(ncu ia so am)

=aed =2 Db Al el ] _"'D"'"’" """‘> TR TETETTTOe T g : ) B ~ I
ia 1a khi thue hién phép di huyen, nguoi thl hai khong biet
nén thyc hién_di chtiyé’q tir vi tri ndo trong hai vi tri cua minh sau khi ngudi thi

nhAs Axs +ha LR 7- P Pu ey t4 thA Ll AR ; X ndn

wBa AR
u.ual. ucu, Uu \/ ulclll L UL \/uuu Ld HI1C lli ll Ulcu ua ucll vay: Ua‘l babll
V

khoanh ha1 vj tri nay trong’ mot duong kxn va ncu ring ha1 dinh néy tao thanh
mdt tdp- thong tin.

L‘,;,B, 1 R N \Y 1~ 1 1.1
thudc loal nao. Ng

Hai dinh ma ngudi th nhat di chuyen tr chung sau phep chuyen ngau nhién N
thi tao thanh hai tép thone tin riéng biét do chiing dién dat két qua tic dong cia
mot phép di chuyen ngau nhién; chung ta v& cac vong tron nhd cho mdi dinh

nav Chiine ta mma 0]11 cin on"i' lm mét nh;m chung cho cac dinh trone mét tin

e ~] wass wisaad RAAY " ALANEARL Wildip VALY VOV jesiails WMVaig saaye seps

thong tin. Ngtua la chi cAn gan nhan cho tu'ng tap thong tin.

c) Cay Kuhn Q‘ o i
Cay Kuhn la cay tro chon bao gom cac glé tri tra vé, tip thong tm, nhan cua cic
dmh vacung., '
Binh nghia
Tro choi han ehe hax nguox cé tong dlem bang 0 trong dang mé rqmg duqc dinh
nghxa 1a:
e ~Mot cay T hiru han cac dmh
e MOt ham gi4 tri tra vé dugc ghn gid trj cho moi 4. :
"o Mot tip To gom céc dinh khéc la (mo ta cac vi tri. tax a6 phép chuyen
' ngﬁu nhién xuat hién) va véi mdi te Ty, c6 céc tn suat phan bo trén céc
cung xuét phat tir ¢. , : : "
. :Cac dinh con lai (khong la lé va khong thuoc To) gdm ha1 nhom céc tip.
' 'thong tin 7;,,’1}2, T;k (cho ngutn thu nhat) va Tzl,Tn, Tzk, (cho ngudi
- thir hal) v ‘
D Véi mo1 tap thong tin Ty cho ngudij (G =1, 2) tuong u'ng mQt tap céc nhﬁn
Ly vavéi mOL teTy cb énh xa l-1 cua Ly, 1én tap c4c cung xuét phat tres.
Viy cdy Kuhn co day da déc trung cua trd choi. .
Trd chm ma hai ngu'orl déu biét cay Kuhn 13 tro chm co thong tin day du. -
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frang Adang ma rAng chidn thnat onn tra chod ma 13 diroe <
lvlulls A\l lé 111 vlls 110 D1IVLL QaLl WIIVIE UIUGL VUG UV WLUL IV W Buy Y U
AE e Feon AR i AN A L aa st Lt alwiee Aame iy rAng LRARG mA A FRre
CIIRIL 1ua JUIIYE UL Cud Cac figuul Ciul, g aaiiy v 1pliy Rivlly HIU g udv
tién dirac cic nhén chuvén déno the
1ep Qugc cac phep chuyen dong thot

] :

. n N s - . 2 . »
Tiv nhildn cde nhdn chitvan ding thai od thd ~ni 13 hai nhén chuvan 1idn tidh
1“] lllll\lll, Uab. Hllby Ciiuyulil uulls LU VU UV VUL UG 1ial PLIVEY Wiy Vil livil vy
L L e At A SRt Y Lt 3 Ll Ay lIAt ) UA mhdn A rhiivAn
ineo nnau cua hai nguoi cnol ma nguoi di Sau Knoing vict gi ve pnép ai Cnuycn
egel g L1 A VL R x R -, . S AL Al
cia ngudi di trude. Sy khong biét nay c6 thé dién dat bang cach sit dung mdt tép
J ¢ N B -

thAna tin (hina hane 7
lllulls 1111, \/]lalls ll.a 1 ) .

(—:-312(11) -/ ‘(1)' N 1

Dang ma ttan . v Dang mé rong

N

nh 02
[

“'lll' P4l

‘Ngudi thir nhét c6 tap chlen thuat nguyén thuy la- {1 2}, ngudi thu hai ¢6 tap
chién thuat nguyén thuy 1a {1; 2; 3}. Chung ta gia st ring ngudi thir nhét di
chuyén dau tién bang cach chon hang 1 hoic 2, Sau d6 ngudi thir hai di chuyén

" nhung khong biét su lva chon cia ngudi thu nhéit. Diéu- ndy dugc biéu thj boi

tap thong tin cua ngu’ea thir ha1. Sau do ngu'm thu hai chon cit 1 2 ho#c 3 va gia

tri tra vé thich hop dugc tao ra.

e) Thu dang mé rOng vé dang chnén thuat

bi theo huorng nguoc lai, tir dang mé rong cua tro choi tim dang chién thuat 1hi
ching ta can quan tam dén nhfrng chlen thuat nguyén thuy va nhitg quy wéc vé
- céc gi4 tri nglu nhién.

C4c chién thugt nguyen thuy Cho trd choi & dang mb rong, truée tlen cén tim X
va Y 1a céc tip gbm cac chién thujt nguyen thuy cua céc nguén choi trong dang

chién thuat. M6t chxen thuat nguyen thuy cta ngu'm thir nhét 13 quy lu4t chi din
chinh xac cho ngum thir nhat thuc hién di ch’ayen trong mdt tap. théng tin cua
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“nhat 13 myxmax...x m, . Tap tht c& céc chién thuat nguyén thu y Ga ngudi thir
nhat ki hiéu 1a X Tuoﬁg ttr: néu 7oy, ..., T, la céac tap hong, tin clia nguoi thir
hai va Ly, ...,7 szz' 1a céc tap nhdn tuong Gng, mét ch‘ién thuat nguyén thuy cua
nguoi thir hai 12 b9 y = (1, ..., ¥,,), trong d6 y,€ Ly, v6i mBi j Ngudi thir hai c6
XX ... x My, chién thuat nguyen thuy neu co n; phan tur trong sz Ki hiéu Y 1a

tap cac chlen thuat nguyen thuy cua nguoi thir hai.

Cac gza tritra vé ngau nhién. Chung ta quy uGe gla tr; tra vé cua phep di chuyen
.ngau nhlen nhu sau:

Neu Vm chién thuat nguyen thuy di ¢b dinh xeX va ye Y gia tr; tra vé A(x; y) la’
‘mot s6 ngiu nhlen thi thay n6 bdi gia tri trung binh.

Vi du 1. Néu cho chién thuat xe€X va yeY nguoi thir nhat théng ba dlem véi xéc
A 1 L - SR e z A ‘lv . Coge Al IR L, 4 1 + e .
suét’ ;Z , thén’g 1 diém V(n_ xac sua‘t Z va thua 1‘ diém voi ‘xac suat -;— thi gia tri

trungbmhtravela%3+%1 —( l)— VayA(x y)

Vi du 2. Gia sir chung ta cn tim dang chién thuat cho van co ban két thuc trod
choi bai dd mo ta béang chlen thudt mé rong nhu céy sau:
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V6i ngudi thir nhét : Ki hiéu Ddt cwpc 13 4, Kiém tra 13 k. Nguoi thir nhat c6 hai
tap t!;emz tm E rong mm tap thomz tin ¢4 hai hra chon d va k. Do d6 ngual thir
nnat c6 2x2 cmcn tnuat nguyen thuy. t)o xa cac cmen thuit sau:
3. v A1 A ~
a a: Bat cuge ba* ké quén b%ﬁ nhén da’qu 14 q""“ uin bai thﬁng hay la quau thua

(@ k) : Bdt cupc véi quén bai théng va Kiém ira vGi quin bai thua

(k; ) : Klem travéi quan bai mang va bat cu'a'c véi quén bai mua ‘ ,
(k: k) : Kiém tra bt ké quin bai nhin duoc 1a quan bai thing hay la quén ba1 thua
Vay tép céac chxen thuat nguyén thuy 13 X = {a d), (d; k), (k, d) %; k)} Vay X

chira moi chlen thuét nguyén thuy ké ca tot 14n xau (dac bxet (k dla chxen thuat
kha vo lit).

Ki h1¢u gla Goi, c la Chot. Ngum thu hax chi ¢ cd mot tap thong tm voi hax lua chqn' ’
gva c. Do &6 tp cac chién thuat nguyen thuy cua ngum tmr nax [ay= {g c}.

Bay gw chung ta tim ma tran gla trj tra vé: Gia st ngum thir nhat su dung d; d) «
~va ngudi thi hai sir dung g Néu ngu:bx thu nhit duqc chia quan bai thang (dleu
1 ‘ .

; 5 ‘
duqc chla ‘quén ba1 thua (dxeu nay xay ra vm xac suat Z ) tm ngu'orl tmr nnat mua

, 3 diém. Chién théng trung bmh cua. nguorx thu' nhat lé

A{ @', g) 3 +(——3) —;—---— (nghxa la thual 5 dxem)
Tinh toédn tuong tu c6 ma'trin gié tri tra vé 14

| e e
1 (@ =i 1.

@a| -5 1

‘(3;411:/) o |2l
len|-L1-L
. ( ‘ );._;2 2
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Ching ta gidi trd choi 4x2 ndy. Dong 3 bj chi phéi boi dong 1 va dong 4
= s - 1 v g 2 F4

gtag ay g I 4 bi chi
phi boi dong 2. Diéu nay c6 thé giai thich nhw saw: Khi ngudi thir.nhét duoc
chia quén bai thang thi dung Dd# cupc 13 10t hon Kiém tra. Bo di hai déng cudi,
(3. B
' == 1|
At gl 2
ma tran.conia:y - S
[ o -if-
. v A ¥
\- .4‘/7
1
De dang glai duoc két qua - Gia tri V -
£ e N ,(1.5\ At
Chién thudt toi wu clia ngudi thi nhatla | —;—;0;0 |.
‘ : 66’ )

k B k Ll 1 1)
‘Chién thuat tbi wu cila nguorx thir hax la L—é- -;—J

. f) Tré chou véi thén Avhoan Chinh

. . I ~ 2 N hY hY 2 [.3 x ..
Tré choi véi thang tm hoan chinh Ia tro chai. ma t rﬁrg ang m md ong moi tép
Al x. TR B

thong tin cya moi ngucn chm chua dung mot dinh.

Tro choi véi thong tin hoan chmh €6 chu tric toén hqc dac bl@t don gian Mbi
tro chm vél thong t1n hoan chmh khi thu gon ve dang chlen thuat deu ¢ dlem
yen ngua ca ha1 ngucn chorl déu cd chlen thuat ti uu. ’

6. Bg quy va tro choi ng&u nhién

a) Tro chm ma trdn cé phén tu la tro choi

b6 1a nhing tro chm ma trdn ma ngum choi khi thuc hlen cic chién thuat
-nguyén thuy c6 thé phét kthufc' hién mot tro choi khac. Vi dy trd choi véi
(G, 4y . (0 3 01

q: [/‘51 | }Gz)’ trong d‘é Gl= [2 1) vaG,= (4 3] cling 1a nhung tro choi.
_Trong tro choi G, ‘vin quy uéc ngudi thi nhit chQn dong, ngudi thir ha1 chon
cht. Neu o trong dong hoic cot dugc chon 14 s6 thi ngudi tht hai phai tra cho

ngum_‘_th‘u nhét § .gl‘a tri bang sb d6 va trd choi két: thiic. Néu 6 chon 1a Gy thi tro
choi G, dugc choi. Néu 6 chon 1a G, thi trd choi G, dugc choi.
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Pé giai trd choi G, trudc hét chun tacln giai tro choi G, ,vé.Gz;

s Gy: cb gid trj trd choi 1a V7 = 1, chicn thudt 61 wu cho ngudi thi nhat
(05 05 Chidn thuit t4i ru cho nowdyi thirhai la 1 == |
\\I-J~, ~ J’ S hhhWwadd &lll‘b.llr YL WM WaaAW Aasuvn SAANE BALAL AWA ‘ 1" '1 ,-
: - . \J J/ :
e Gy cb gis tri trd ¢choi 13 ¥, = 3, chién thudt t6i wu cho ngudi thir nhat 12
(0; 1). Chién thuat ti wu cho nguoi this hai 13 (0; 1)
.Khi choi tr6 choi G, céc d fAu thu két thic tro choi G, thi ho nhén auqc gla trj tra
vé trung. binh lay,=1, ket thuc trod chm Gz thitho nhan du’qc gia trj tra ve trung :

I aN

meh la V2 =3. Do d6 G €0 the xem nhu trd choi voi ma tran ts 3J. Giai trd

ch(n néy duqc Gia tn trd choi la V= 'IZ ,,chién thuat t5i wu 'chol ngudi thir nhét

( % %) Chxen thuﬁt t01 uu cho ngum thu ha1 la ( —:— %) .

ARy, AN

Phucmg phép g1a1 tro choi G ¢6 the tc")ng ket lal nhu sau Neu ma tran cua tro |
choi G ¢6' phan tir 1a nhung trd chcn khéc, th1 101 g1a1 cua Glaloi gléu cla trd
choi ma trong ma tran ban dau céc phﬁn i 14 tro’ chorl khéc s& duqc thay béng
gxa tri trung bmh tra ve ciia trd chm do RN :

Su phan gzaz ma tran Tro' chm G néu trong vi du tren con co the coi la tro chcn |
ma trdn 4x4. Tép bbn chlen thuat nguyén thuy ciia ngudi thi nht ki hléu Ia:
{(1; 1), 1;2), @ 1, (1; 2)} v6i (i; ]) bidu thi dunghang i trong G va trong G
da dung dong j dé choi. Tuong tl,r hléu quy ucc nhu vay véi nguorl thu ha1 (dung :
’ cot) Ma tran 4x4 thanh '
-1

TRV
s> O S
W oA N

5

Chung ta cé thc g1a1 tro chcn nay bang céc phuong phép dﬁ néu (phuong phap
don hinh) durge két qué Gi4 tr; trd choi 15 17 » ‘

Chlen thuat t6i tru cho ngu'orl thu' nhat Ia (O 2 0 2 0 0. 6)
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. (2 3\ _ o
nhat 12 (0.2 +0.2; 0 + 0.6) = {:-;—'— } Chien thuét t61 uu cho ngudi thir hai 1a
o - \5'5) o
71 4\
M 122122+ NNREET- N+ v = 2.7
\U AdIdII V. VUV /, ¥V UU] ls,s}-
’ L -/

N01 chung, khi chung ta c& tro chcn G va néu sau kh1 sap xep lai cac hang va cac
cOt nao do chung ta phan giai duqc ma trn G thanh dang

G, G,

. (G, G
G= ( 1 '2) ma Gu va Gzz la ma tran tuy y, con Glz va G21 13 ma tran hangr
so (do 1 ma trdn ma cac. phan th deu bang mqt hang sé) th1 chung ta cd thé giai
G theo phuong phap néu trén, coi nhu cac ngucrx choi chon hang hoac cot tr ma

trin da dugc phan giai nay, tir 46 suy ra chon hang va cqt tlr ma trin ban dau

b)  Tro choi nhléu glal doan - , e

Ag PR I A8 LA AL LA L LSy L2 AL A Lt

Mot trd choi déng vai trd 13 phan o cua mét trd choi khéac thi ban thén né <6 1l

cling co phan frla tro chm va phuorng phap gxal éu trén -duqc lap lai hx‘m han an l4n.
Vt’ dy Tro C‘hO’l thanh tra

Nguou thir ha1 can pha1 thuc hlen mot hoat dQng tal mQt g1a1 doan nao 4o trong n.
giai doan cia m¢t qua trinh. Ngu(‘n thir nhat bi mét theo déi glém sét ngudi tha
hai chi tai m¢t giai doan trong n giai doan nay. Néu ngum thir hai dang hoat
dong ma nguoi thu nhat gidm sat dugc thi ngudi thir hai mat cho nguol thir nhét
1 don vi. Néu ngum thir nhit khéng gidm sat duqc klu ngum thu hai dang hoat
dong thi glé tri- tra vélao.

¥

L A

('a

'Hoat’déhg:i Cho
| Giamsat | 1 1o
: Ch(‘i 10 G
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g)[»-'-;

T -

Gia tri trd choi G,= i [avalG)=~.
k N

PR I
n-1 ) :
1
Cong thirc truy hoi tinh gid tri tro choi'la: Val(G,) = fi— 11 =—.
T | J BN
Vi n-1.
c) Tro choi d¢ quy -
DPinh ng!z Tmng méf f,ré choi ¢6 mdt sé phin tir tham gia 13 tr i‘) hoi Cé the lai

Vi du 1. G,= (1 OJ 1a tré chm d¢ quy nhung 6 thé Iap vo han (neu ha1 nguén

choi luén choi dong 1 va cgt:-l )'-.x e

(6 10
Vidg2.G=|1 0 G|.
R P

Gla st chién thuat cla ngucn thu' nhat lap= (pl, P2 p3) theo nguyen 11 can bang cé

fv= VP1+P2
V= b+,
V'T‘v'p2+p3r ‘
1 R BT B (111
suyra v=_ipi=pr=ps = 3. Gid tr o .°h°‘*»1~au"?s- Chin thudt | 33353 |
. 4 : SR A U ~ N S

14 chién thudt t5i wu cho-cd hai ngudi choi. -
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‘duoc chon ngiu nhién ia G, voi tin suft p;. Ching ta ciing ki hidu.sb z ia gié tri
- mé;ngu:(‘yi thir hai phai tra c«ho ngudi thir nhét thay bang mét trd choi tAm thuang

ma tran (2) co kxch thu'orc lxl Vi du —G +-—(3) bleu thx khi tung dong xu dong

| chat can dm néu nhan duqc mat ngua thi tro choi Gl duqc chou va néu nhan
duoc mat sap thi nguoi thit hai tra cho nguoi thu nhat mot lu'o'ng la 3 don vi.

Vt’du.\Gx u' Gy va G quan he v6i nhau ‘nﬁhw sau: |

C(lesde ) (2aalay o)
=1 4 L s L, =5 _
200 PR L | 0,','—J
’Degléu chungtadétv,lagl' trochoii, i=1va2 DoOSylelvé—ISvZSO
nén G va G, ‘(hong co fﬁe,.. y’}én“ ugr;,é;, 4p dung cong thirc
e T
Val(A) var|® O |o_gezbd
d c) (a-b)+(c-d)
1 (22 Y o
3 TEIEE R . SR | Y PRTY LR
taco vl Val 2 _1‘="6k4'>;',v2_-v-'Val‘ 3tv1‘ 3 . =3(1—-ém
2 ‘o__ fq”? - 0 -l ;"'5.,7“"‘
Suy ra v, f—-——z(l—v)— dén tol phuorng trmh 7vl 20v,=+10,=0, giai dugc:
52y,

10-v30  10-2430
Yn',='f7—f,‘ V2 =T

Tir 6 tim dugc chién thuat t8i wu cho hai ngudi choi.
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e) Tro choi nglu nhien

Néu trd choi nhiéu glax doan 6 thém kha néng tra vé gia tri tal mdi giai do h' |

tro.choi d6 dug¢ got 1a.tro chot ngau nhién. Day 1a linh vue dang 4

| ‘ctru manh mé hién nay. ‘ ‘

- Djnh nghia : ;

/ Mt trd choi ngiu nhién G gdm tAp hitu han céc vi tri hodc giai doan {1, 2. N}
- trong 6 c6 mgt glax doan 14 vi tri xuit phat Lhung ta ki hiéu GP1a gxal doan

ths &. Lién quan véi m&i giai doan 1a mét ma trdn 4® = (g¥). Khi trd choi dang :

B glal doan k, céc nguén choi dong thoi chon hang va ot ciia AV vi du hang i
cdtj. Cé hai didu quyet dinh ket qué '

- Ngudi thir nhét thang mét Immg 1é a(’" -

- Xéc suét phu thuoc i,j, k aé trd chm ket thuc hoac chuyen sang giai- doan
’ khéc Xéc suét dé trd choi ket thuc ki hi¢u la s"" va x4c sudt dé g1a1 doan /-

1a giai ‘doan tiep.theo ki hiéu 1a P.""(l) thoé mén: s"‘)+ZP("’(I) 1 véi

moi i, j va k. Gxa tn tra vé duoc cong dén t1ch luy la1 cho den khi trb chm‘
két thac. D& bao dém trd choi dén dén s& dung, chung ta chap nhén mét gla
- dinh 12 moi x4c suft dung deu dwong. Ki higu s 1a s6 nho nhét trong céc xac

suat nay thirs = mm s > 0

'Véi gia dinh trén, tro choi két thuc sau mot s6 hiru han buoc di s€ c6 xac suat

' bang 1. Gia dinh ndy ciing tao ra tdng gia tri tich luy tra vé 14 hitu han khong

phu thudc vao nhitng trd choi ndo da dugc chon trong. khi chm Goi M 1a sb 16n

nhét trong cac gia tri tuy¢t d6i cha céc gla tri tré ve tai cac giai doan’

(M = max | a(’" 1) thi tbng tich 1uy cher doi tra vé cho ngucn nay hoac nguoi khac

1ahgitu (c6 g6 han) bés vi e (1—s')M+(1—s) M+...=-A—/[- ..
‘s

'Ngu'én thir nhat muén téng tich luy nay 16n-nhit con ngu’m thir ha1 muon nhd-

nhit. Chung tamo ta tro chm nay la : -

G"" ( a® Z P"‘)(l) G(!)J
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Chu y ring tdng cac xac sudt cho moéi thanh phan trong ma trdn 14 nhé hon 1,
phan xdc sudt ¢on lai 14 5" 13 xdc suét két thiic tro choi. Sau khi ¢6 gia tri tra vé
nA od nncréf Ainh nodnn nhidn 1:‘1} trs ﬁt\m ’A“vrvn ‘15’1' thiia hav ain: Anan Lhis X
13U D& \.iu wi u;uu 115au 11k1iW1] 1A VU VIIVL MUYV [N b LUV 1ia Elal uuau Mlﬂh pb
F_ ST I atl_ - ™_ 37z t LA . 7 7 .- i A J'if PR BT | Aii-‘ 2A 1Y .Y
a_u C C anco. UO a0 Knong €0 gioi nan.cno ao a»ax‘ cua iro ¢noi, aay ia iro

Do nhing didu phirc tap néu trén, 'véi trd choi ngiu nhién ngudi ta thudng dé
cap t6i chién thudt 16i wu tinh. Pé 1a cac chién thuat chi 13 cho ngudi choi mot
phéan bd xé.c suét cho céc lya chon cua ho chx phu thude vao trd choi G“‘) h1¢n
dang choi tai giai dogn k khong phu thudc vao n giai-dogn hojc céc giai doan da
choi qua Dinh 1 sau phét bleu vé su tdn tai ctia chién thuét tmh t6i wu:

B;nh I (Shapley 1952) ' _
Méi tro choi G‘ b 6. gta tri v(k) la nghzem duy nhdt ciia hé phuong

inh: (k)

no. W=7

ey

Moz ngu-m cnm co mot chién tnuat tinh t6i wu sao.cho taz gzaz doan k
s dung duoc chién thuat hén hop cho tro chm cé ma trén: :

o 'A‘f’-(v)'=(a,3-*"+2* *’(I)V(l)) v=0(1), 92), . vv(N)).,'
o =l '

Vi dye. Xét trd choi nglu nhién chi c6 mét trang \théi:’ .
1+ 3 G 3 +_% G
142G 2+2G

. L ; . 5 5/ : cL
Trén quan diém ctia ngudi thitFai, cét 1 ¢6 vé tét hon cét 2 véi phuong dién gid
tri’ tré ve ngay (1a cac s6 1), nhung cft 2 c6 vé 1am cho trd choi két thic sérm horn
(vi xéc suat thuc hxen lal G nho hon) Viy chon céc cot nhur the néo‘? R

‘ choi 'khén.g, c
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(v 3, 1)

[1+=v 3+=v| ~ (A+2vB+2v)-(1+Zv)2+ZV) n"
R 5 1 EERCuin JESNER- S O 5 & oy Ty
v=rai| . ~ 1= = ) I = =1+ V==V

‘ e 4. A 21 a4, P i Vi g N 4y L9

[T+<v 24—y U+v)+0+ov) =+ =2+ 2V) :

\ 5. 5. ) 5 S 5 5

1+2\/’ 2+\/'J

' Tu do tim dugc chién thuat t01 uu cho nguﬁn thu nhat tren ma tran néy 14
(f 1',2‘ f ) va chxen thuat t01 u'u cho ngum thu hai  la

1 —-—-—-;———J Do ton tai cac vecto tan suéit. nay nén g}a s ban dﬁu 1a dung
va co chién thuét toi uu, gxé tri chia tro chql ngéunhten nayla v= -5\/5 Rt

f) Lo gléi gén dung | | | : o
Vé‘iv’ mdt  tro chm ngiu nhlen nhléu trang thai, hé phuong trinh"

w(k) = Val( ) 4 Z (")(l).v(l)) try thanh he khé phu'c tap gom nhftng phu'cmg

I=1
trmh khong tuyen tinh' ddng thor. Chung ta khong hi vong gxél duqc he nay
trong dang tong quét. Tuy nhlen, c6 mot phuong phap giai béng cach lap di lap
 lai két qua gn ding nhxeu lan. Phuong phé.p nay ciing ch{nh la cosé de chu'ng
minh dinh li Shapley da néu trén do d6 duge goi la phuong phép lap Shapiey :

l\\‘

Déu tién cnung ta tao mot du' doén ve ket qua goi Ta vo = (vo(l ), vou ), ey Vo2 )
Bat ki du doén ndo ciing. dugc.
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Ching ta c6 thé dung dy doan ban dau 1a vo= 0= (0, 0, ..., 0). Sau khi nhén duoc
vy chiing ta dinh nghia dé quy v+ béi ‘déﬁg thirc sau:

v (B=Vall a® 2S5 POMNy (NI véik=1.2. N .
A\ ) FTOE Gy T g By RS g BT VER R Ly &5 very £V
U : oo J
Vi du. Xét trd choi nglu nhién chira hai trang thai twong tmg 12 hai tro choi G
va G® li€n h¢ voi nhau nhir sau:
Gi” 4+03G® 0+04G7). 0+0.5GY. -5
1+04G?® 340567 | ‘ ~4 1+0.5G?

Diing vo= (0; 0) I dy doén ,ban'déu, tim dqu‘vl '='(‘2;\—2)ivi: |

C 4
- \111(1)=Val(" ,
: Y

Lap tiép theo cd: v, (1) =V« 1(4 6 -;8\,-’—- 2.0174; v,(2)= Va_l( 1 r-.-5) =2
R i (02 4) \-4 0)

TiAn t11n Him Arvrvn ~nANA LAt Anad can

1180 Wl Ui QU T €al L&t Jua Sau

vi(1)=2.0210 | v3(2) = -1.9983
| “ [ va(1)=2.0220 | vy(2) = ~1.9977
o - [vs(1)=2.0224 | v(2) = -1.9974

: D= -2.0225 ve(2) = ~1:9974

Sa1 s6 l(m nhat mac pha1 ciia v6 nhleu nhit 1a 0. 0002 (v1 Xac xuat dung tro choi
nho nhét 13 0.5 nén sai so 50 Vi két qua dung s€ giam theo ham s6 mii c6-d6 hoi
tuntnhatlaOS) ~

Chlen thuat t01 uu khl dung gla trl Ve la dé dang tim théy
- Vm tro chorx G(‘) ,
chién thuat i wu cho n ngudi  thit nhat lap = (04134 0. 5866)
| chlen thudt tox uu cho nguoi thir hai 1a q‘l)— (0. 5219 0.471 8)
- Véi trd choi: G(2)
| ‘ chxen thuat t6i vu cho ngudi thir nhat 1ap?= (0. 3996 0. 6004)
chlen thuat tbi uu cho ngu'cn thu hai Ia q‘z) = (0. 4995 0. 5005)
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Bai tap .
9.26. T6i pham B 1én tau tir HaA Ni vé Hai Phong dé ttén sir truy n& cua cong an
~ A.Cong an 4 c6 thé 1én tau nhanh, bt B tai Hai Phéng. Tai ga Hai Duong,.
B c6 thé xuéng dé tAu thoat’ Tuy nhién céng an A ciing biét difu ndy va cé
thé cfing xubng tau tai Hai Duong dé truy tim. Sau déy 14 bang luong gid
Ari ch ng an 4 trong ké hoach truy tim t8i pham B: :

=)
b
[e]
[=
(=}
©
- C»
=
o
)
g
Da

tuy y V& d thi ctia v(f) 1a gié tri trd choi phy.t

0N 20 B Al amm dmAe mais WX Al A . y 7o)
b 2, Uldl trd choi lrc 1 CaC ma tiaﬁ sau uaug cach gmm o0t ¢ac-nang va-Cg

chi phéi dua vé ma trén 2x2:

. [’5 4 1
1o -1 4 37 ‘\‘fLG,
=21 2 N ‘
9.29. Ngub'l ta chimg minh du'orc két luin sau : “Vérl mot trd' choi da cho cac‘
~ chién thuat (o1, p2; - . Pm) V& (91, 925 -5 q,,) tuong tng 1a cc chién thuat tdi
wu cho ngudi thir nhit va ngu'én thir hai néu gié trj trung binh nhén dtrqc ft

" nhét cda ngudi thi nhit bing gid trf trung binh phi tra nhleu nhﬁt clia
nguoi thir hai”. -

(10

a9
Y
e’

w
wn -

0
o
3

P, 6 20 1) .. . 14419‘
Chu'ng td rang chién thuét p (37 37 0 37) va g= (37 37 10, — 37 0)
- tuong (g Ia chlen thuat t6i wru cho’ ngu'cn thu nhat va nguén thir ha1 trong
trd chot ma trén nhu sau R S g

‘ (5 8 3 -1 6).

14 26 35
2 46 4 1]
U3253)

- Tim gi4 trj cua trd choi.
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9.30. Tre clm'tM ndelsolm k
Hai ngudi ¢hoi ddng thoi che i ngudi mdt s6-nguyén khéng vuot qua
mire nan AA Chino han- 1 1 no nham vi tir 1 A4n
AN, llq).‘ A1V U:l“l:é ll@ll- y s 116 yll“lll YE vll:l 4 NN
100. Néu hai s6 bang nha 14 tri tra' vé , néu chon 16n hon d4i tha 1
don vi thi thang 1, néu chon ién ho i th - hodc nhiéu hon thi
thua 2. Bang o014 fri tra vé o Yot ce: nhit (¢ o) 1T <A’
!u:llu }‘-" uulx@ @Au vA2 LACR VW W & } S A% &7 lLlA'u S,
'T'_W
el ]l 4 PA
211 (o(-11212
34 '2 1 0 “Ei 2
o T4 [-21-2[{1]0 -1
51-2]-2]-2 0

Hﬁy tim cach loai bo nhﬂ'ng dong va cot bi chi ph01 sau do str dung dinh 1i
¢4n bang tim chién thuat tbi uu cho hai ngudi choi.

9.31 Hay lap trinh tinh ma tran nghich dao cia ma tran kha dao 4 blet mét sd

GlIlIl ngnla nnu bdu

.= Matrin dorn vi cép m 12 ma trdn mxm

A n 6 céc phan tir trén dudmg chéo
chinh Dang ‘céc phan tir con lai bing 0. Vi du ma trdn don vi cap 4 :
’ (1 0 0 0
1o 1 00
I= Q’_.
Tloo 10
- 0 0 01

. Ma trén nghich déo < cia ma trdn vudng A(a,,),,,x,,, la ma tran B(by)mxm sao
cho AB=BA=1(lama tran don vi cap m). Ki hi€u ma trén nghich
dao ciia ma tran vudng 4 la A7 Pé tim ma trdn nghich dao cia ma tran’

‘kha dao 4 c6 thé ding ¢4c phép bién ddi so cip nhur nhau bxen déi ddng
thei ma trdn 4 va ma tra‘tn don vi I. Khi 4 thanh ma trén don vi thi ma
tran / thinh ma trdn 4. Céc phep bién ddi so cip trén ma trén la: nhan
cac phan tir ciia méot hang v6i s0 k khac 0 (dinh thirc cia ma tran ting k

, Ian) d6i chd hai hang cho nhau (dinh thirc ctia ma trdn dbi d4u), Cong k&
lin hang i, vao hang i (dinh thirc cla ma trdn khong dbi).

LS Dlnh thirc cia mét ma trén vuéng A(a,,),,,x,,. duqc ki hiéu l& dex(A) dugce

~ tinh theo cong thirc d¢ quy sau :

0 Ncu Alama tran, cép 1 :A4=(a1r) th1 det(A) an.
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A \ A A {aii ‘:'g‘tii\ . . L
o Neudlamatrdnvudbngcap2: A=| = |'thi
ol \“ar., ,“22/ ‘
o ALl AN &
S - QeUA) =4y 1.a22 — d2p.452.
. NTFA.. a4 1 IR A o R
<0 Neéu 4 1a ma trdn vudng-cap m . ‘
AN = i+ 1 YT i im ,
det(A) = (‘*‘l) a,‘idet{}v{ii) +(=1) 8‘2de{{1‘v{,‘) + O (—1) a,‘mdet(}v{im)“
trone d6 M. 13 ma trér sinh ra iy 4 satrkhi hd dono i va cdt i (i= 1 m
VAR WY 19 AR1GA vigkak gl!ul i E\a,l A D,a‘u DM WU uv115 t vQ \/\.ILJ V E Y £ Y

. . o=l
Lye - : F N
vt i chon trong 1. 1.Q4 . oni 1 nhin hi dai <A enia nhin tir 7
AL\I A W/AR b l‘ , "’] BV A V. \/” évA AL yll“‘.i WL WAL WDV wlkla t"l““ (1% uy

Ki hiéu C 1a ma trin gdm céc phén bd dai s6 C, (ndm & dong i, cdt j).
C" 1a ma trén chuven vi ciia ma trén C'thi ma trén nghich déo cia ma

trdn 4 la: -
{ Cn | C2i ~mi \
< A4 = 1 CT= L G, gvc'zz Coa
otf AN dotf AN T
\u\fl\l‘} WA } .

¢ WA SX  ~0 . 7 R .

. Diéufjkién aé ;nra trén A c6 ma trén nghich ddo 1a det(/;)st 0,
Dinh If ‘ o ’ »
Gid str ma tran Ala kha dao va 147 1 #0 (nghla Ia tong cdc 56 hang -
cua ma tran A 1 khdc 0) va ton tai chzen thudt p va g sao cho p >0

1
“va q >0, thz tro ch0'1 trén ma tran A se co gla tri V= voi
. ‘ \ TR D
‘ 1

chién thudt toi wu p va q ma: pr= VITATI,,} -'q='VA'1 1, 6day 1=| . | va

= 1.0
| o o -1
9.32. Xét trd choi co maftr'an 1

a) Klem tra xem ma trin c6 dlem yen ngua hay khongo. fop
b) Chimg to ton tai ma tran nghlch dio. : e |
¢) Chimeg t6 ngudi thir hai c6 chién thuat 6 iru v trong 86 du'ong cho méi cot.

124



AN X ala o P - 10 "ll . g ﬁ..n
U} V1 5a0 Uil lIU Ciitgl 11ay KIiQ Gully Juaily Ulu q 27 -1 = (61
. . 1. 9 |
chidn thuat t41 1m cna nawd thir hai?
chicn thuat 101 uu cua nguol thiur hat!
PR I A ] i A A IR . T B 3 Y s o1 1 AL A -
9.33. Nguoi thir hai chon mét s6 j € {1, 2, 3, 4} va ngudi the nhat co ging
N S . 3 T, - I . - s . -
nhano doin cd ma nordi thir hai 43 cho éu doan dtino thi thino ¥ diém
Pravily VUGLL SU LG UguUL Wil LGl UG LLUYLL 1800 BUGH BRLUE Wil Widiip & Wil
tir nowrdyi thit hai nowroe 1ai.khAno nhai tra oi 1.An ma tran trd choi va oiai
vl 5!5“\."&, VARV “ul’ ‘l&“\‘lv l?‘ l\l‘lvl‘b rll“‘ A W b“, .—l“y LREGY WA '“‘l A W WAAN A ¥ b‘“l
. - SRR . :

a) Tlm\ chlen thugt Baye phan ung la1 chién thual q néu tren
b) ‘Gia sur ngum thir hai du doan dung réng nguorl thir nhét sé dung chién

thuat Baye dé chéng lai ‘-hié“x tnuat q=(-1--1——1— 2) cua minh. Hiy
- , ‘ 7 55°55) ‘
huéng dén cho ngudi thir hai tim chién thuat Baye chéng lai nguoi thu
: o N 1112
nhat khi ngudi thir nha;tphan g lai chién thujt g = (-S-,E,—S-,g)
/ - . 0 . 5 | ,_2 -
'9.35. Giai tro choi véi matrdn 43.3=1=3 0 4 |

;9 36 Tro choi voi dong bgc

Nguox thir hat chon mot trong ha1 phong de dau mot dong bac Ngucn tha
- nhit khéng btét phong déu ddng bac va thu tim. Néu ddng bac déu &

: phong 1 va nguol thu nhat tim & phong 1 th1 Xac suat tim thay la % Neu |
i dong bac dau or phong 2 va nguén thu nhat tim & phong 2 thi xéc sudt tim
vthay la —;— Neu tim dugc dong bac thi ngucn thu nhét duoc dong bac do,

nguqc lax thi nguol thi hax}durqc. Hﬁy v& cdy tro choi va giai tro chm.
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9. 37 T1m dang chién thuat t01 wu cia trd chm vai cay tro ChO’l sau

,:\ RN

3 3
" Sau 6g ai tro chonéy

o
w
[5J
\-k

a 1 Co ua" kstt (174 t't’/" Cr v; . ‘ o
Tong quét hoa van co ban ké thuc tro chcn ba1 la céch dét xac suat cho
quén bai thing 1a la m(‘) s6 tu '

tuy ¥ &, 5> 0.

wh L Gl

- Hay tlm glé tri trd choi va chlen thuat t01 uu cho tung ngucn

= Luu y. Véi pz 22 bb th1 o dxem yen ngua Khx ket thuc chﬁ y réng

<f2+b
P= +2b’

9,39, Giai hé trd choi gom cic'ma tran sau:

o0 G 43 [
vo-{g of © (1 B ,2( }(.2 o

chién thuat tél u'u cla nguorl thir Hai khéng phu thude véo p.
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b) Giai tro choi ma trén sau:

m « n 1\

(U 6 U 1)

log 3 ¢ 5!

/"=|U 2 \Y) Jl

U=]_. . - e

BRI B 0

| ; S\t 0 40)

9.40. Tr&Ch&i«dé ‘auvi*- PoE ol *
’G 2

. 'Glal trd choi :G = L )Q trong 46 quy u6e O 1 gid i t V& kbi 10

0

, " « choi. keo dal vo han

9.41. Xet ba tro chm cé quan he véi nhau sau dav '
' ( G G G A |

Gl—le G3IGIJ,Q ( J » L_l OJ

"3
'O
—~~
>

ok
—

G, G G

hm ket thac va khong co ma tran tro chm nao chua dlem yen

P Rgi

v ogiAl ¢ M
1di U Liui,

4 1+LC\ '
9.42. Giai trd choi ngau nhién: G=|  ~ ; h
0 1+-3—G :

d

9.43. Cho tro chm ngau nhlen c6- ha1 trgmg thai sau day , '
2 2+05c;‘2> ‘;AG(Z’— -4 0 Y

o 4+o sgo ) - (-2+0. 50‘” -4+o 560 )
a) Dung d;nh Ii Shapley tim chinh-xac cac gi4 tri v(l) va v(2) cua hai’ tro \

choi G va G(z) néu gla str c4c trd choi nay khi két thic tra ve dugc cac
- gia tr; doé: Nk '

b) Viét chuo'ng trinh thuc h;en lap Shapley de tim gid tri to. chm O giai

- doan'k (nhap tir ban phim) 1a ve= (vi(1); vi(2)), ‘bit dau véi du doan cho
gxal doan khcn tr; la Vo= (n(1) =0; vo(2) 0) va 'so sdnh vdi g1a tri ding

tim auqc tu cdu a). ‘
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ll

I S.huyende iU |

Trong chuyén dé nay chung ta s& tim hidu hai thujt toan dugc sir dung nhiéu nhét
hién nay d¢ giai quyet céc bai todn t6i wu.td hqp khé d6 13 thugt toan di t;uyen va
thuat toén téi wu hoa dan knén ‘Thugt toan di truyen dugc sir dung nhiéu trong
_nhitng nim 1970, tuy nhién trong nhitng nim- ghn ddy thi thuat toén tbi wu hoé dan
kién téra hlq:u qua va dugc su' dung nhxeu hon. : '

I Bai toan tdi wu t6 hg’p ‘
Ba1 toan ti wru td hop tong quét du'oc phat bleu nhu sau 7

~ Xét bai toan cyc tiéu hod (S, f,Q) trong d6 S la tap horp hfru han trang thal fla
him muc tiéu XAc¢ dmh trén S con Q 1a cac rang buoc 48 xac dinh § qua céc

~ thanh phén cia tap hitu han C va céc lién két cua tﬁp ndy, Céc tgp S, C va Q co
~ cac dac tinh sau: : '

‘. = {c¢y, ¢, ies c,,} 1a tap hu'u han gom n thanh phan Ta ki hi¢u X 1a tap
cac day trong Cch 4 dai khong qua h:
o X= {<uo,.. uk>|ukeCVz<k<h} :
Ton ta1 tdp con X ciia X va 4nh xa P tx X' len § sao cho ¢~ (s) khong
1ong v6i moi s € S va la tép xdy du’ng duoc tir tﬁp con Co ciaCva Q.
o Tu Co mo rdng dugc thanh X~ theo thit tuc tudn ty :
~i) X, =<u,> lamé rong dugc voi Yy, € C,.
(i) Néu x, —< Uy,...,u, > 1a mé rong duogc th1 ton tai tu Q xéc d;nh dugc
tdp con. J(xy) cha C sao cho vé: MOL - U € J(xk) thi
S Xy =< Uy, Uy .. sUi > 18 mé rong duoc VA X, € X “khi J(xk) 1a rdng.
Vi moi u, € C,, thu tuc mé rong néu trén xay duﬁg duoc moi phan tr cua X.

Khong giam téng quat ta gia thiét réng c6 tuong ng glua “cac phan 0 trong X’ l
v6i mdi dudng di duge mé rong tir mdi uo trong C,. :
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ey A ==

e o _me ar K __
il Thuat toan di tr y vaemntoanuen hoa -

vY tufmg thuﬁt toan di truyéﬁ (Genetlc Algonthms GA) dya trén mﬁ phong theo
qué trinh txen hoa ty thich’ nghi: cha céc ‘quan thé smh hoc dua trén thuyét
Darwm Thoat txén, nb duofc sir dung dé glal quyet céc bai toan neng 1€ xuat

~An

1.
GA ‘céd. duqc Holland glm thiéu dé giai bai toan t8i uu

R | Max{f(x) | x& Mj,

k o day M la hmh hop trong khéng glan s6 thue n—chleu, /(x) duong vai m01 xe M
' Thu tuc GA duqc thurc hxen nhu sau

- Mdi x trong M du'oc mﬁ hoé tuorng u'ng b(’n mot xau nh; phan 4o dai m:
z=(zy, 22, -ves Zm) gOL 12 nhlem séc thé (con goi. ;a cé the) m51 z; dugc goi la
mjt.gene va chi nhén mot trong hai gla tri 0 hodc 1.

. Vi dy, vé mét nhiém séﬁ the;troslg,-;GAfeq dién:. .
4*«::'041?0} Tito o l1f1]

Thuat 1 oan di truven co dlen

[ 3

..

MG kleu gene (tuc mét nhlém $ac thd cy thé) bléu thi mot1oi 'glﬁi 6 the cia
© o bai toan, mot qué ‘trinh tlen hoé dttqc thu:c hlgn trén mot quan thé (mot tap
hop nhlem sic thé) t’uong du'ong Vt‘n su tim klem trong khong gian céc 161 )

- gidi c6. thé. |

Su tim kidm néy &oi h()l su cﬁn bﬁng gu’ra hal muc dlch txm ltn glél tét nhat
va kham pha khong gian tim klema o e L

* Thuét toan di truyen cb dlen thyce hxen tim klem theo nhiéu hu(mg bang cach |
S duy tri mot tap loi gidi 6 the ldauycn khxch S\ hinh thm Va trao. 491 thong '
. tin gifra cac hudng. Tﬁp 16 gidi trai. Qua. céc, qua t trmh tmn hoa v cudi cing
cho ta mét 161 giai du tot tuy thco}_ ¢u cau. Tai i the hg céc lén gial tuang |

’ "Vdox t6t dwoc t4i sinh, trong Kkhi:dg.cdc 101 gidi tuong dox tol b& logi.hd dan. ’

;mwmu.,guuoé(oa). . © 129



nam:evai ds ééﬂh gi dé “ﬂﬁgh ngh}” i
P

U ]
o

PPy S (ham nas
Ot glat (ham 1 a y' 6G,x’,ig vai .

ecto. twong img véi z.-

x lavec BT
' vhin tr'va tnuc men qua ‘trinh’ uen nea

. ‘un:U uélu Eigtivial

Procednre GA
Begm e
te 0; o
Kh(n tao. P(t)'
Dénh gié P(1);
Repeat S
Ctett ] SREE A
- Chon lgc: Q(f) tr. Pt - 1) //n}m?banhxexosé
Taitao P(f) tr O(1); // nha cdc: todn tir di truyen ;
" Péanh gi&- P(t) va chon itpc cé the tét nhat ‘
* Until 8idu_kién két théc o D
Bléudlen 1&1 gxé& e SRR
End; : S T S s e e
| "Qué trinh tién hoé dugc dlen ra trong vbng lip‘ Taz thé hé thu ¢ thuat todn duy tri
mot tap 10i gidi P(r) {x; ,xz, ,x,,,} M51 Rﬁ gléx x‘ duge danh glé “dd tlnch,

nghi” », Mot tap 1o giai méi duqc xdy dyng: (vong lép thu L+ 1) béng céch “chon N
loc” cac cé the thich nghi hon, ta duoc tap 104 glal trung gian. Sau do mﬁt sé cd
Avthc trong tép 161 glax dﬁ duge. chon bi blen dol béng cé.c tQén tu di truyen dc tao :
* thanh 1o giai mélchothehethu(t+l) ‘ :

: Céc thu t\lc chon loc mot qué\\n thé. theo phuong phép banh xe xo 56 va tal tao :
" nhdr céc todn tir dz truyen duqc thu'c hle;n nhu sau S ;

a) Thutucchonlac N N S ;
‘ Phep chon loc: 1 m@t qué tnnh chgm iqc t:éc cé thé*dé tham gia vao céc pha txep ‘,
théo ‘clia qua trinh tién ho4. Vige hxa ‘chon ¢a¢ ¢a thé tr' mét qu&n thé dira trén do
thich nghi cia c4 thé ao, nghta 1a ni f g ¢4 'thé nao c6 gié tri ham’ thich ngha cao
6 nhidu kha: n{mg duoc ch(m cté t{n tau) trong céc thé h¢ ttép theo : .
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V6i mbi quan thé P(¢ — 1) gom N nhidm séc thé: P(t — 1) = {wy, v2, ..., v} ta x4y
i A RN R T R I P . B C s
dung bdnh xe xo6 so é tim'c ‘hién ‘qua trinh: chon loc:

. ™ 7 1 ’ ’

baim xexo s6 - 0

et sl SR

' . N
. Dénh gi4 & phit hop. toan phan: F= Y eval(y,);

evauv l
= —

,‘ “Tinh céc xac suat cnqn p, clia nhiém séc thé v, p, T

. ‘iTmh céc X4c suét tich luy q, ctia céc nhlem sic the Vi q, Zq oot

- 1::] Aoy
'_‘67”:’Qué tnnh chgn lqc quén the Q(t) tir’ P(t - 1) dua vz‘to banh xe xé sb du'qc
e thuc hlt;n theo cach sau : ‘

) ‘ Do; v0'1 mox so tu' nhlen E € {1 2 N} tao mQt sb ngau nhlen rke[O 1]

y:A__ X = 1A

S A’*“c“ q, 2 r;, = q,-; uu ongm Vi thue g{l )- hwn muen, u uay m01 nmem sac the
- .c6 thé duge chgm nhiéu 1an va o) van coO N phén tir, Cac ca thé v cé do
_thich ngm eval(v) ién sé co kha ning duqc lua chqn nhleu hdn ‘

. Qua trinh tai t&e dLIa tren céc toan ttr dl truyen tu-o‘ng giao cheo va bién dl
Cac tOé,n tu' d1 tmnd Sl

‘Toan tu' tuong gtaa cheo (hay con ducxc ggl la’l phep lai ghcp), két horp céc déc;
tinh trén nhidm sic thé cha va me dé tao thanh hai c4 the mél béng cach trao dﬁl
céc doan gene tuong ung trén cée nhxem sdc thé cua cha va me

Véi hax nhiém séc thé x = (xl, X2, . ,7x,,,) va y‘ O, yz', il y,,,) chon diém tuorng .
’glao k (cé the ngau nhlcn) ta s& smh dugc hai nhlém séc thd méi:

; L (xl, . ,xk, J’k+h ,ym) vay’ (Vl, . a)’k,xk+1, . ,xm)-:_}
) Vt’ dy. Véi ha: nhlém séc thé cha v me '

Pd’reﬁtl
; | Parent2 o
Chon diem tuong giao & = 3, thi sau khi thyc hl{:i‘l ao doi tyong giao chéo cic

L dier K= tr
nhiém séc the ciia bd, me ta duoc hai nhiém séc thé moi:
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e 'T‘l"’. trin FAT Fan o
14 Wl 1ai a0,

1
=

Cho truéce céc sac xuat tu’ong giao cheo Dcva xAc sult bxen dl pm

A A as A X

DPbi voi m01 nmem sdc thé v, (i chay tir 1 aen Ny muoc {(0), ta tao ra mit. so ngau
. nhién re[0, 1] Neu r <p.thi Vi duqc dua vao tap tuong glao cheo Tap nay duqc .
“chia thanh cap, neu 1& thi c6, thé thém hodc bét ngéu nhién mot nmem sac thé khac

va ép dung todn tif trong giao. chéo dé tao nén hau dué mm thay the cho no
~Sau khi tuong glao ‘chéo, dm véi mox gene. ctia mox nhxem sic the tao ra m6t sb
ngiu nhien re[() 1]. Neu 7 < pn thi gene ny 13 blen 4. R

Qué trinh trén cho ta quan thé P(t) cua thé hc ! va duqc dénh gié dc chon phan t
¢d @5 thich nghr tot nhat R

2 Banh gta vé GA

Céc danh g1a vé su h01 tu cua GA cbn rit it. Cac két qua dat duorc chii’ yeu dua N

trén dinhili vé& huge ¢ chu‘ng minh’ sir hoi tu'theo xdc sua'é t6i-1oi gléu t6i wu cia

bai toan. Tuy nhién, vé mit thye hanh, giai. thut di truyen van 1a mgt gidi thuat

duogc ua thich de giai cac bai toan kho trong thuc te va cho 1o gle’u du t6t. Dbi

vOi cac bai toan- 43 ¢6 phuorng phép gu’u t6t bﬁng phuong phép truyen thong thi
GA kém hleu qua horn

i
Y

3 Tmh toan tten hoa

~ Khi bai toan c6.mién chap nhan duqc lcm tmng khong glan nhleu ch1eu th1 do

~ réng cha mdi nhiém sic thé 16n nén v1¢c ap dung GA cb dién rat kho khan, dic
“biét khi c6 c4c rang budc phlfc tap thi c4c todn tir di truyén theo kidu da neu to ra
kém hiéu qué sir dung. Héng loat cic phat trién’ pong: phﬁ ota GA ‘¢b dlén vé
kiéu gene chu tric: nhiém sﬁe thé va.cée todn tr ‘di’ truyén da. dugc. dé xuét va

- img dung c6 hi¢u qua dé giai céic bAi. to4n khic hau: Mt khéc dé tim 1o giai
cho cac bai toan kho trong th\:rc tién, ngudi ta dua ra-céc ham “dxch” do 49
“thich ngh:” ctia mdi 10i giai tiém nﬁng va'dp dung GA dé tm cac lm gxéu ’Cac' '
phit tnen do c6 tén g01 khic nhau chéﬁg han* B
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Y7 SR TPy CET R Beoen sade: Bmewn sl dd bemife 2 VLA LA Thaal ol _ 1
Chién hege toi wu: Chien luge nay dugce phat trién & Dhc, bdi Rechenberg va
. . Fa - . g o
mlien. il W e e 4le o B mow lXs alicwfin A~ sameswrBaa - :5.‘ enl dmm o e Ll 2A
Schwefel. Y tuong thugt t Ot chudc cac nguyen tic tien hoa trong ty nhién
§$ A A i T eas T ) As s YR | T As 1° '
€ tao ra mot - phuong phap mai cidc bai toan 101 wu. vdi cac tham- sd thav dbi lién
- > "" ¥ ETTT e rE & T - 7 it hiead - Sy E— "'J Paadadd ”.’
~ A §A ’, . » a §.a ¢ ra ., 4 « A
tuc. Gan day y tuéng d6 mé rfng cho cic bai toan rdi rac, trong d6 cach biéu
ARy i tmBn nd e vrantey thiza dhoees o ditna AR vk 1 ndA wdene kitAa d oldas LRAD
dién gene trén cac vecto thyc duge aiiiig a€ Xu 11 CaC ranig oupc va giain Knoi
hivrving vy 1 AN 1344
IUQNg XU 11 au 11¢u. : i
g ,

V o ¥ v a h ey A (1A + i vl
uuu' uzn l’iuu.' ) l.l.l Ong cua ki thujt nay ia ung u""" A 1Iong i i na
&GP uat

tao nhc St d\mg cac Otomat hitu han dé tao ra céc chuong trinh thlch ing véi
yéu cdu, gidp tao hanh vi cho céc r6-b6t hoic agent thong minh. ,
Chuong trinh tién, hod: Ung dung GA dé tim 1oi giai cho céc bai toén khéc ‘
nhau khi khong gian tim kiém phirc tap: Chung c6 tén goi chung 14 tinh todn tién
hoa (Evolutlonary Computatxon EC). Lugc db chung cuia thudt ton tién hod la:
. ,Chon mgt kiéu . gene va cdu truc nhxem sic the thich hop cho céc 1oi giai uem
- ning cla bai toan. Xay dyng thi tyc chuyén dbi gzﬁa ching, . :
. Pua ra mjt ham dé do “do t6t” cua cac loi giai txem né.ng nhd d6 xac dmh
~ ham thich nghi cho EC,
* " Xéc dinh cac toan tir- d1 truyen (tuong glao chigo va blen di) thich hop cho '
"_,tung bai todn va céc rang buoc clia chung Cée toan tr cé the nhxeu de vin
o dung thlch hqp xur 1 rang buoc
» Xay dl,rng thi tyc tao quén thé ban dau va lap nhleu lan qua trmh chqn lqc,
_taitao de nhin dugc lai guil
Co the m6 té thuét to4n nhu‘ sau:
‘ Procedure EC;
Begm R
te0; S
‘Khéi tao P(t), - //khdi 1go qudn thé ,
Danh gia P(t) - //ddnh gid a0 thichnghi  + .
whilenot két thic’ do //vong lap nén hoa
 begin
P'(#) « Bién dél (P(D)); //bten dai quan thé SRS
Panh- -gia P'(8); // ddnh gid 45 thich nghi méi ; }/
P(t +1) ¢« Chqn 100 (P' (t)), /tgo ra thé h¢ con mdl s
tetF l '
;, - pnd; E
End; -

~4
l
el
!
F
-y
>~
b
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DA &% danin # 434 L : 1A~ e il % A
¢ St aling uital 10an 1icn noa; Kno Knafl Cilinit 1a cnon 10¢ GudC KiCyu gene, Cau

. PR . - . ~ A
ttat iR oo A O nAn FRTE v by Bis 4okt A7 tmivie thich hve 44 ;
triic nhieém sic thé va céc thi tue tdo méy, todn i di truyén thich hop d€ xt li

;. ino'ng phap t6i wu hoa aan kién

! -
—
) . -

Téi vu'hod dan kién (dnt Latony upnmtzanon -ACO) 1A cacn uep can meta-neunsuc
‘tuong d6i méi ‘duoc dé& xudt bai Dongo védo nérn 1991 mo phong hanh vi tim
duorng di tir tb t6i ngu&n thirc anva nguorc lal ¢l con klen trong tu nhxen de g1a1
gan dting céc bai toan 61w 8 hop NP-khé. - ~

 Trén duorng d1 cua ‘minh cac con klen dé 1ai mét vet hoa chat du'oc gm {3 vét mii
(pheromone tratl) dﬁc didm sinh hoé hoc’ cua vét mii nay 1a cé kha' néng u dong,
bay hoi va la phuong tién giao t1ép béio cho cac con kién khac thong tin ve dudng
di d6 mot’ cach gidn tiép. Céc con kién s& hyra-chon duding di'ndo’ tdn dong lugng
‘ mm hay cé-curomg d6 vét muil6n nhét tai thoi diém Ira chon’ @8 di; nhor cach giao
» tlep mang tinh glan tlep va cdng dong nay ma dan klen trong tyr nhién tim duoc

dudng di ngén nhat trong qué trinh tim thire &n mamg ve td va ngugc lai. o

~ Theo ¥ tudmg nay, cac thuat toén ACO sir dung thong tin heunstlc két hop thong ‘
~ tin hoc ting cucmg qua céc vét mii cua cac con kién nhén tao (artificial ant) @& ‘
g1a1 ¢ac bai toan’ t61 uu t6 hop' NP-kho bang cach dua vé ba1 toén tim duorng di
t8i tu trén dd thi cdu triic tuong tmg dugc xay du'ng tir ‘dic diém cla timg bai
toan cy. the Thuét todn ACO dAu tién 12 hé kién (4nr System ~'AS) giai bai todn
‘Nguoi ban hang (Travelling Salesman Problem - TSP), dén n&y céc thudt toén
ACO da ap dung mot cach phong phu dé giai nhiéu bai toan t5i-wu b hO’p khac
~nhau va hiéu qua ndi trdi ciia né d4 dugc chimg t6 bang thyc nghiém.

He kién 1a the hién ddu tién va dién hmh ctta cdc thujt toan ACO, hiu het cac
thuat toan ACO hién dung déu duge phét trién tir thuﬁt toan ndy. Vi vy, trudc
tién chiing ta tim hiéu vé thugt toan AS va céc cai tle‘n quan trgng ctia nd la ACS-
~ va MMAS. ~ :

1. AS va bat todn TSP

a) Baitoén TSP

; TSP la bai todn tdi uu to hop dlen hmh né duoc phat bxeu nhu' sau : Vc‘n n thanh
pno da cho, ngum ban hang cén tim mét chu tnnn c6 dudng di ngin nhét qua .
m01 thanh phé dung mot lan Ta cd thé dua TSP vé bél toan tim dufmg dl trén do
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i, j) biéu‘t i duong

ang '( d; ;14 khoang cach tir

0 =]
- 9

o
o
§

-

o Al T e LAY ST dv e £
hw Vay, V& do tm Knong dOl leg sé ¢cb (n - l)’ duong drc hap ﬂh@n du’qc va
2 "t RN P . vy .
\B—=1)0 e ad s ahe o e 1L ALY al LA ALZ\ o AL 3
Sy V01,46 thi doi.xung. V61 n 16n thi ta khong the tim het cac duong di va

chi ¢6 thé tim duoc mot 101 giai da tt bang céc phuorng phap tim kiém dia
- phuong, tim kiém heuristic, tinh toan tlen hoa hay la cac phuong phép ket horp
- gilra chung TSP 1a bai toan c6 nhiéu tmg dung va vin dugc xem la bai toan mau
. de klem tra hiéu qua cua cac thuét toan t6i wru td hop. Chung ta s€ tim hiéu céc
thuat toén dan kién dua trén tu tuorng loi g1a1 cua bai toén TSP '

b) Thuat toén AS
: t)e giai ba1 toan le AS sur dung cac vc;t mu1 Ty gén v01 mdi ca.nh (1 ]) va ban

- dhu dugc khdi tao boi gia tn Tn Co m con kxen nhan tao, va tax mm budc lap ¢
cia thuat toan, chung thuc hlen cac thi tuc xay du'ng lm g1a1 va cép nhat mui.

Xay aung loi gigi - e :
O budc kheoi tao, m61 con kién' duce dét ngiu nhten tai mot dlnh xuét phét va lan
luot di tham cac dinh con lai dé xﬁy dung dudmg di vé6i quy tic: chuyen trang théi
‘nhu sau : s
Quy tac chuyen trang thaz con klen thu' k dang Y dmh i SC chon dmh J tlep theo
'vm xéc suat

UﬂM[mF . ;"'

: . t ﬂ 1 :' s ,‘ B
ij(t)=< Z,IEN"[ ()] [77.1] | ' S (10.1)
kS 0, trong tmdng hop nguoc 1a1 |

’trong do (x, 13 la hal tham so the hlen Xac suat lua chqn canh (1, ]) ti lc thuan voi

;cu’ong dQ vet mux T} (t) tai buoc lép dang X6t va thong tin “heuristic - 17,]

< %y
' k(neu o= 0 con klen s& 1ua chon dmh tlcp thco dua vao tu tucmg tham lam thong
- thudmg, tirc 13 canh ndo ngdn nhit s& duge wu tién chon tryée, néu B =0 sy lya -
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chon s& chi ﬁhn thuéc vao cudmng 4§ vet mui, bai todn d& roi vao truémg hqp thi
3¢} dm nhtmmﬂ N k 1a tan cdc dinh chua dﬂoc con kxen thu kdi qua kh1 né. danz :

& dinh i. Tiép tuc nhu vdy, con kién s& tim duoc mét chu trinh chdp nhan dugc.

Qs Ll mlm mmes Loho AL $.. 2. 120 2 Ba AT o Ao AR il AR
Oau Kni cac con Kien xay ayng x . iai, cac Vel miui S¢ auQC Cap nna
Véi thuat todn AS, cdc vét mui trén céc canh s& dugc bay hoi mét dai luon
liam bafiddbhams ok w70 1) r.;t.i..;;,_- T2 4t potn o h Limes B aadsd) srd 05 K2 nraem Lk oR
IV QL 1ALl SO P ey, 1) (UUQL gl 1a Uidill S0 Day HUlL 11iulj va 1101 VULL l§ 1 JU
dat mii tai cdc canh ma chiing di qua theo céng thirc : ' '
r,t+)=(1-p)r, O+ Az @ . - (102)
E o : v | . '
trong 46 4
L néu (z j)thuOChAnhtrinhcuaconklénthuk R S
4 k 4
Az ()= !L( e , (10.3)
L 0, trongmrb'nghopngwclax. o
V :rtl\ 1 ’Js foa Y Arr_A" _-xA.\
(L () aal nannmnnc nmenmux a iap ).

Tham sé p du'o'c sir dung: dé tfch tu khéng glé‘l han cdc vét mii vé cho: phép léng
quén nhiing canh ft sir dung (c4c canh khong thude hanh trinh cua con klen nao
s& c6 cudng d9 vét mii giam rit nhanh theo hAm mﬁ ¢iia sb vong lap)

Bo phitc tgp cia AS |
Dé phtrc tap cla thuat toén IA O(Nc n ) trong dé Nc Ia sé vbng lap chfnh cua
thuat toan va n 1a sb dinh cua do thi.
Un vd nhirge diém cia As
U'u diém: - : o
e Viéc tim kxém ngﬁu nhxén du’a tren cac théng tin heunstlc lam cho phép tim
~ kiém linh hoat va mém déo trén khong gian rong hon phuong phép heunstxc
sl c6, do d6 cho ta 13i gidi tdt hon va c6 thé tim dwoc 141 giai tdi ru. :
o Su két hop dugc viée hoc tang cudmg’ (remfarcement learning) trong d6"
nhitng 1&i giai tét hon s& dugc sy ting cudmg cao hon théng qua thong tin vé
* cubmg 49 vét mui cho phép ta timg budc thu hep khéng gian tim kiém va vin
khong loai b6 céc 161 gidi t6t, do d6 néng cao chit luong thudt toan.
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T Ua g auaaen

 Nhugc diém: Khi s dinh cta dd thi 6n thi cuéng dé vét mii trén mdi canh
' khong thuqc li’n gxél tot (hay ft duqc con kién lua chon) s€ nhanh chéng giam
: a%m vé 0, nnu vay co ngn khim pna nay tim Klem ngau nmen cua thuat toén s&
'glam ma day 1a mét trong nhing diém manh cua céc thuat toan mo phbng tién
Lind trw inlaife nént At tndn ha Lid- AQY

Sen , &L slBes mis
11 Ll ual wan 1i¢: RiTili AD AT iut;u yua.

ML AL T

- Chat luvong thuit toan phu thudc nh. nhiéu vao 'cnat 'm’gng ‘cﬁa,théng tin heuristic,
diéu ma ching ta rit kno gax thién. -

2. Cdc cdi tten cha AS

Cé rat nhxeu c4c cai tién cia thuat todn AS du‘qc de xuét & dﬁy ching ta tim |
hiéu hai cai tién quan trong va duoc va aung nhét hién nay ia thujt todn ACS va

thuat toan-MMAS. Hiéu qua cia hai thuét todn ndy dugc xem 13 twong duong

nhau nhung véi cdc bai todn tmg dung, thuft toén MMAS .dugc sir dung nhiédu
hon béi tinh don gian va dé ap dung

| a) Thuat toan ACS (Ant Colony System)

~ Thuét toan ACS ia tnuat todn cai tién ciia AS dya tren y tudng ting tﬁm quan
~ trong cua cac thong tin du'o'c tich luy béi cac con kién trrée. vén hi vong mé réng‘
khong gian tim klem

Viée ndy duorc thu'c hle;n nhb' hal céx tnén & quy tac chuyen trang thai xay dung
1o gidi va quy téc cap nhit mui : '

Ouy tdc chuyén trgng thdi . Cung cAp mét céch trye tiép de can bing gifta su
: kham pharcz,u;h mé'x va su khai thdc 46 wu tién va thong tin duoc t{ch Iu§ cha bai
todn, Gi sit con kién k dang & dinh /, n6 s& chon dinh s tiép theo nhos quy tic sau:
ar‘?maky {r.(om néu <q : |
L w 7]}, néu g < % 04

L ;, trong trudmg hop nguoc lax ’ ‘

trong dé q 1a gxé tr; ngau nhxen phin phox diu cbn qo la mgt tharn so cbn J1a
‘dinh dugc chon theo cong thirc (1) v6i @ =1.

' Cép nhft miti : C6 hai loai cip nhat mii -

K ] ("ﬁn nhnt m1n ﬂrn nharfmo : '.!0!“' khi vﬁ\z "{Xﬂg I
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7, «—(l-¢
trong d6 L, (f) 14 d6 dai ctia hanh trinh w‘(f)* R
Nhu Vay, viéc tim kiém s& tap trung vao cac canh thuorng 6 dung va uu tién -

: nhung canh thuoc 1oi giai t6t nhit. Hiéu qua cua ACS qua thue nghiém cho thay :
néi troi hon han 0. VG thuat toan AS ban dau ‘ :

Nhuoc diém cua thuft r.oan ACS1a neu canh mong uuqu céc con- d ;
16 ké tir thdi gian- ¢ thi no ‘vén- duge gifr nguyén mirc cuong dg‘) i trong khi
dang 1& no phax glam bt so vm cac canh hay duac su' dung ' “y '

b) Thuat todn MMAS (Max—Mm Ant System)
" Thuat todn AS c6 thé duoc cai tién béng cach chi cho phép duy nhat con k n tét
6

SAX Az L_ P RN

‘nhét cap nnat mii trong m01 Vong lap clia- muar toan. MMAS cm <no pnep i
con kten tdt nhit (hoac globaf-best la-con klén cd hénh trinh t6t nhat w(t) ké tur
| khi bat diu thuét toan hodc iteration-best 1a con klen co hanh trinh tot nhét w(t)
tai vong 1dp hién thoi) cdp nhét mui. Pé tranh hlgn tu‘o‘ng tac nghén: (stagnation)
" do con kién Iya chon di lya chon lai mot dudng di bt do nbng dd mui tap trung

r—}

& 46 qua cao, MMAS dua vio hai cin trén (7, ) V2 c4n dudi (7, ) dé khong’
ché néng a9 vet mm trén mdi . canh (day Al do thuat to4n duoc goi la hé kxen"
MAX-MIN). e e A :

MMAS sir dung chn du(n Tonin 12 gidi | han nho, nhat vacn trén T nax 12 gi6i han

min
16 nhét cho nong 6 cac vét mi, te 1a nhu'ng canh it sir dung c6 xéc sudt duge
lwa chon la rit: nho nhung van lcm hon 0 va han ché kha nang lya chon méi mot
canh t8t cia cac con kién. Dibu’ nay tranh cho! thuat toan khox hién tu'orng tic
nghén tim klem dic biét voi s6 vong 13p-16n' din dén md rong khé ning kham

phé cho cée con kién. Cac vét mui ban dau duoc kh(n tao bang Tinax cho {5t cé

céc canh. Sau mdi vong lép, tat:ca cac: canh déu b; bay hm dl theo mot ti'l¢ nhu
nhau (duoc cho béi tham sb bay hm p)
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LV p T L AL N L AL o al Ao o 3 b aAL LA At A AL
vm Co €CaC Vel 1mul 1iren O -Carin  inuoc: ani trirnn oL &t AuocC gia CO tncim mot
lwgng nong dd-{trong chimg minh I thuyet, hanh trinh t6t nhat dugc chon ia
ohact ade tunina thiva naohifn 7 haot hidnn1ad han A $Z3ng srdvmng drrads Lha nSana

=CoHL. VUL I. uug -L(l{ L 11 1;}?;11 t,-t‘)c;u‘xug;_; \.iuu. 11U Uv mug wuY ls (8§ \_}b Kiid ilai IB
1Tz __1 ATL_o ‘:\_. s ) . A A,_“ji t“bﬁ _‘é- C’.__‘l- Aéjlha_y i’j P _L. 2

AV I-l

iai thye hién nhu trong AS (auoc muc‘
q) duorc chon bang 1). Sau m01 buorc lap

A Tain Al sl

A X . oy ~

'v's‘;t Imul tren moi cani dtf(:i > Cap nnat toan Cu c tneo cong thirc
ry(—(l—p)rU+Au | ‘ (10.7)
v L"lwt L i, j)ewlt
trong d6 A ;I L), ( J) @ (10.8)
B Y P

v » l ax {rmm (1 p) U,O} trong tru’o‘ng ho'p nguoc lai.

Nhuroc diém cia thuat toan nay 13 s& tp trung tim kiém vao c4c canh thudc 10
NPV X A 7 - A i\’“‘ ) r

giai tot nhat t ,
c,.;AL Cé du.o- N b L AL Gl A : \ A ;Lo _A 1-1.1 e o Ll
SRTIVNY B :
phd néu 7.,;, chon be Con néu chon 7, 16m thi thuat ton’ s€ gan véi tim

ktem ngau nhlen dua trén: thong tin heurlstlc nhung lal gzé,m kha néng hoc ting

c'uqng:, Va vnn y;;c dgtijzjmil':‘, = —12- rm;l’arn gxarni dang’:ke khé nang h(,)c tang

cudng cua thuat toén';
3. Thudt toan tong quat
Véi baﬁoan tong quat tren, vé li thuyet ta c6 thé ap. dung thu tuc mé rong de xay o
‘du'ng X" va chon 11 giai tot nhét bang phu'orng phép vét can nhu'ng trén thuc té,
‘do sy-bung no t6 hop thl voi so phén tir » cia C 16n thi khéng thuc hién duogc va
bai toan duoc xét thude dang NP-khé. Thong thuong ta s& c6 cac phuong phap
heuristic dé tim 1o giai du t6t. cho bai toan. Céc thuat toan ACO két hop thong
tin heunstlc nay voi phu'ong phap hoc téng cuorng nht’r md phong hanh vi cia
dan kxen dé tim 161 giai t6t hon



procednre Thuat todn AC’O cho cac baz toan toz uu to ho’p tmh
 Ditcic tham sb va vét mm khoi tao |
~'while (chira gap dleu ki¢n dimg) do
Xay dyng cac loi giai |
Ap dung tim klem dja phuorng (co the cod hoac khong)
Cap nhat céc vet mii.
ena, "

end; k

-a) X4y dyng loi gidi

’~Sau khi khai tao cac tham () va cutmg do mui ban dau, che con klén thuc h1¢n
thi fuc xdy d\mg loi g1a1 Trong mdi 14n l3p ¢, mdi con’ klen chon ngau nhién -
‘m{t dinh xut phét trong Co va két hqp thdng tin heuristic véi thong tin mui de»’
- xay du'ng 101 giai ngau nhién theo tha tyc md réng tuan tw néu & phén trude VoI
x4c sudt chon dinh tiép theo nhu sau : |
Quy téc chuyén trgmg thdz : ' . v
Gla su con klen s dd x4y du’ng xk -< uo, >, né s& chon dmh y thuoc J(xk) dé
x,‘+,'—< U seenstly y> vOi Xac suft
Tuy uy : yej(xk) | | ‘
P(ylr,xk)= 2(3 R ()
jed (x; :

0, trong tnrb’ng ho’p nguOC 1a1

Qua trinh nay txep tuc cho tél khi m01 con klen 1 deu tim duqc 10i glé.l chﬁp nhan,i
duqc x(D) eX’ va do. d6 s(I) ¢ix(l)) € S De tx¢n trinh béy, ye sau fa s& xem
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\ g(s) > g(s ) néu f (s) < f (s ) khx d 31 bu'oc Iap cuorng dol vét mui se ‘thay
- déi theo mot trong ha1 quy tac thuorng dung sau day, du’qc ng la cac quy tac cap
nhit mui hai mie. : o :
Quy. tdc ACS Quy tac nay thng theo quy tac cap nhat muii cua thudt toan h¢ ‘:
dan kxen ACS bao g0m ca cap nhét dja phuong va cap nhit t0an cyc. /

R Cc*zju nhdt muz dia phzmng neu con kxen lthém canh (1, j') tuc 13 (z j)e s(l) ‘
thi cann nay s& may a01 mui theo cong muc FOE

T, <—(} p) +pr, S (1010)

- Cdp nhat miii todn cuc : Cap nhat mui toan cuc chx ap dung cho cac canh
' thuqc w(#) nhu sau :

< -p), +pg(w(r)) V(tf)éW(t) (1011)

Quy tic MAMS Quy tﬁc nay thuc hlt;n theo cach cép nhat mui cua thudt toan -
MMAS, sau khi mdi con kién xay dl,mg xong 101 glél & mdi buac lap, vet mu1 :
E’duo*c thay ¢ d01 theo cong thuc sau': ‘ \

7, ¢ (1= p)r +A IR 'i  (10 12).

N

pL w@), BRI ¢ J)GW(t)

trong d6 A, = ,
IREES DT max{rmln-f-(l p) ,,,O};trong tmdnghgp nguqcrlal.
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o C(Cdc thuat toan theo quy tac cap nhat muz ACS Theo quy thc néy néu khou :
tao mm Ty = T, thi mirc mui s& dan vé 7,. Nhu vy, viéc tim kiém s& tapl

. .trung vao céc canh thudng sir dung va uu tién nhﬁ'ng canh thudc 101 giai. tot
‘nhat Mifc d9 tép trung tim klem ¢ the dleu khlen bdi ti 1¢ 4o léch glﬁ'a
Ty, Ty va z(w(m Nhuoc dxem cua thuat toan nay 1a neu canh khong duqc céc

con kién dung t61 ké tir thori glan T thi chting van gifr nguyen muc mui trong ‘
khi 1& ra n6 phai giam bét so vdi céc canh hay sir dung : |
o Cdc thudt todn theo quy tdc cdp nhdt mii MMAS ' Cac thuat toan tap trung "
tim kiém cac canh thudc vao 1oi giai tot nhit ma khéng phén biét cac canh
- khoéng duoc dung véi céc. canh cé, duqc ding nhung, khéng thude 101 giai tot

A

vav <& oiam kha nana I{hnm nha nen Toin bé. N@m (‘hnn Ta lﬂ’n ﬂ'\l thuat

vi véy st giam kha <ham

—

'toan s& gln v6i tim klem ngau nhlen dua tren thong txn heunstlc va glam
“hiéu qua hoc tang cuong ‘

’b)4 Csc tham 8

®  Tham s6é o : Néu chon a bé thi glé.m glé tri thong tin hoc duqc the hxc;n qua ‘
‘céc vét mui con néu a 16n thi. Xac sudt du'qc chon rét nhay cam vdi céc thay ’
- dbi cia vét mii. Vm céc bai toan NP-kho (dac biét 1a bai toan TSP), x4c suﬁt
dé mot 1o glél ot duge tim. thay trong mot s6-it 14n lap 1a rét bé. Vi vay neu
a lén thi ngay tr dau ¢6 nhiéu canh thudc céc 101 gxal tdt (tham.chi 12 t01 uu) ‘
do may rii ma sém c6 muc mii thap, lam han che ‘higu qua thuat toan.
Théng thuong chqn a=1, viée didu tiét hoc téng curong: s€ thuc hu:n nho
~ chon céc tham sé PsT thlch hop. - .
o Thamsé p; Vi(l -p) giam ;ratnhanh khl o té’mg trong kh1 xdc suat de mdt
canh thudc mot loi giai tot tromz mot phép 13p lai be nén néu chon P lorn thi

il 4

thudt toan kem h;eu qua
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e SO lugng kién : Bé cho mb hinh 4n dinh-va d& khao sat todn hoc thi nén chon sb
Iiromo kidn 40 lém d8 cac x4Ap si cfia cac Bidn noau nhidn cé ¥ nohita thdno kd
luong kien du lém de cac.xap si cua cac bién ngau nhicn ¢o'y nghia thong k€.

& ;—,-\ e T J ,{; =3 7,4

5. ot so nopvén li irne duno tot wru dan Kies

L ATEY AT TR WET VY TR TV YVYY T i

~\ 'I'I.A....Js'.. | MRy Ry, Y '

a) 1noe IE un [‘“‘,,L dlls LUUIIS

‘Mot tr nhu'ng diéu quan tronsz dau tién trong viéc ap dung céc thuét toan

ACOla cong viée xac dmn tnonsz tm hoc-ting cudng qua cac vét mui. Vi dy, khi
ap dung ACO cho bai toan TSP, vét mui 7, du’qc sir dung trong cdc ung dung

ACO vio bai toan nay thé hién d6 thich hgn clia viéc chon truc tiép than_h phd j

sau khi da thim thanh phd i, hay. né cung clp thong tin dé danh gi4 mm quan h¢

giﬁa thg‘),p,h ph@j va thanh phd 7. Neoai rata cunq (‘n fhe cm 7, 1a danh ma xem

& Vastaaana r.¢v.Jv R - Al

kha ning thanh phé i va thanh pho _] co nﬁm trong mot hanh trlnh hay né la doA

al s s P

tmcn hop vi tri.
,,Mot cach khéc, khi 4p dung thuat toan ACO cho ba1 toan lap hch cho may don

PRRY SRS TS It S

cac két qué aat dugce 1a 1ot n'c‘fn véi vét mui 7 14 @ thich hop khi sdp cong viée j

vao vi tri'i. P6 1a do vai trd khac nhau cua céc hoén i ket qua trong hai bai toan
do. Trong bai’ toé.n TSP, céc hoén vila tudn hodn va chi c6 duy nhit thir tu quan
h¢ gitta cac thanh phan méi 1 quan trong va chu y ring hodn vi 7=(12 ... n) v&'
hoanviz'=(n12...n— 1 bleu dién cung mot hanh trinh. Vi thé, mot vj tri
quan hé dya trén vét mui the hién lya chon duqc gin véi no. Nguoc lai, trong
bai toan 14p lich trén may don (cung nhu cic bai toan 1ap lich khic), 7 va 7'
biéu dlen hai loi’ g1a1 khac nhay véi nhfmg chi phi- khac nhau hoan toan. Tuy
nhién cin chu y ring, trong 1i thuyet cé hai lya chon déu 1a c6 thé borl vi bét ki
1oi g1a1 nao trong khong glan tlm klem voi hal céch the hle;n néy ’

Cong v1¢c dmh nghaa céc vet mu1 rat quan trong va mQt sy lu’a chQn t01 tai mgt

budc s€ c6 thé dan dén giam hle;u qua cia thuft toan. May mén 13 vai nhleu bai -
‘toan, lua chon theo tryc gidc dong thoi 1a mdt lua chon tdt, nhu truong hop mot '
s6 ung dung cua thuat toan ACO. Thinh thoang vi¢c dinh nghla cac. vet mui rat
phire_tap nhu trong truémg hqp ung dung ACO vao bai toan tim siéu chu01

(supersequence) chung ngﬁn nhat chang han. . -

b) Cac thﬁng tin heuristic -

Vlc;c su dung cédc thong tm hcurlstxc de x4y dyng lén gléu ciia céc con kién truc
txep theo xéc suit [a quan trgng i no tan dung céc tri thirc x4c dmh clia bax toan:
Céc tri thuc nay thuong 1a nhung yéu t6 ¢6 sin tinh’ hoic dong Trong céc ba1
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S At Akl v bering Yrng diimg TOD & PRI, SR A
L. wair, vi-u tlUllB Ul’ls WULE I U al uy wua Uuug TANJA - LhdQdLLL J ULV L 2 4
{ . .
e e - 1
thanh pho j dinh nghia dugc théng tin heuristic 7, =— . Cac. thdng tin heuristic
a dugc thor i =
} “i
tinh ¢ cac loi didm <an
..... ¢c0 céc loi diém sau
(i) D@ tinh toén, S : : : :
(ii) = Chi phai tinh mot 1an truée khi bit dau thust todn, vd > -
.. (iii) - Tai mbi vong : lép cua thuat toan ACO ¢6 thé tinh truéc mqt bang cac.

- gia tn 7,0, 1, sé tiét kiem dugc déng ké thén gian tinh todn,

LV &

;, Trong trucmg hop bai todn’ dqng, thong tin heuristic p‘hu thuéc vaa cac loi gu’n
thanh phan dwoc xay dung c¢ho nén'né dwoc tinh tai mdi budce di ciia con kién.

Pidu nay gy ra chi phi tinh toan lon nhung ¢6 the dat duqc d' chinh xac cao
trong tinh todn cac gla tri neunsuc cnang nan, trong ng dung ACO cho bai toan
: lap lich. : ’
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c) Két hop tim' klém dia phu!ong

'

Vorl nhleu img dung cua céc bai toan t01 wu k73 horp nhu TSP ’o todn phan chxa
" san pham, hay bai toan dmh tuyén’ cho x€ co, céc thuat to4n ACO déu ¢6 két qué '
rat tot khi két hop cic “thugt todn’ tim kiém dla phuong Céc thuat todn tim kiém
dia phucmg thuomg tim ra céc lm giai t6i tu cuc by va’ nhitmg 161 glal do duoc
'dung dé cap ' nhat vét mi. Cong viéc cia né thuomg 13 dink nghia ra dugc mOt
mién cuc bf ctia It giai hlén tai (théng qua cac phép bién dbi léng giéng) va thu‘c '
hién tim kiém dia phuong trorrg pham vi néy de c6 dugcloi giai tox wu toan cuc

O mot khla canh khéc, vx(;c sinh'ra cac 101 glal ban dau ¢ho cac thuat toan tim
kiém dia phuong khong phai 1a mjt nhiém vu don gidn. Vi du, v6i hiu hét bai
toan, viéc lap di 13p lai cac tim kiém dia phuong tir nhimng loi giai- banudau duqc'
smh ra ngau nhién khong phai 1a higu qué Iém Trong thuc hanh, cac con kién
két nQ’p v4i cac thanh pnan cua 101 giai t61 tu cuc b0 mdt cach ngau nhién sé
sinh ra duac nhfmg 1o gxax méi hua he;n horn cho thuat toan t1m klém Cha
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Bat ki thuat toan meta-heurlsnc hi¢u qua t5t nao cung c6 sy ket hqp glua vxec su
dung kinh nghnq:m txm klem véi viéc di thim céc khong gian tim kiém méi.
Trong ACO, ¢b mot s6 céch de dat duoc su cén béng nay, thong thucmg Ia qua
su quan 1i cac Vet mui. Thye té, cac vét mui du’a ra mot sy phan bb Xéc suat tren
khong glan tim kxem va xéc dmh cac. phan cua khong gxan tim. kiém co the co ,
céc [0 giai thudong xuyen non Cha y rang, pnu thudc vao sy phan bd_cha cic
vet mui, sy phan b6 mau c6 the blen d01 tu v phan chia co dinh den mot sy
pnan chia khéc ma céc 1o g1a1 don c6 xac Suat 1a 1 con lai c6 xdc Suat 13 0. Thuc
te, truémg hop sau tucmg img vél h;@n tuong thc nghén da duqc giai. thxch & thuat

toan MMAS trong pnan ljch su phat men céc thudt toan dan men el i
Cach don gian nhat dé sir dyung kinh nghiém tim kiém céa cdc con. kién 1a thxet dat
viéc cdp nhat mui véi mot ham do hiéu qua cia loi giai: dugc cho boi méi con kién .
ddc bigt. Chwa hét, xu hudng nay thuong khong L)) duqc nhimg 14 gidi 6t nhu
trong: thurc nghncm cua: bai. todn TSP Vi thé trong nhleu thuét toan ACO ch;en
thut elitist tim ra nhtmg 1o gii t6t nhét trong khi cap nhét cic vét mui dugc gidi
'thleu Mét su kha1 théc tét hon 8€ hoc dugc cac vét mui trong qud trinh xay dung
loi:-giai bﬁng cach dp dung lut chuyen trang théai nhu trong thuét toan ACS. ,
Mé: rong kh6ng gxan tim kiém trong 'ACO-chinh 14 c4c thu tuc xdy du'ng loi gial' |
ngiu nhxen clia céc con’ klen Xem xét khi thudt todn ACO khong sir ‘dung thong ’
tin heurrstxc (bing cach dét tham sé B= -0). Trong tnmng horp ndy, qua trinh cdp :
‘nhat mui s& gay ra i’su thay d01 tir khong gian tim klcm méu cb dmh ban dau thé.nh
mdt khong gian. mau khac.. Them vao do, viée mé rong khong gian tim kxem s& t6t ,
hon trong céc vong lap ban dhu cita thudt todn va & gidm thleu dugc sy tinh to4n.

Hién nhxen Ia phai tranh spr tip trung qua manh & cac vung t6t bén ngoai khong :
gian tim. kiém khién cho thua,t todn ACO gap phai hign tuqng tic nghén.
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e) Str dung danh séch ung ctr wen

AMnt trnncr nhi_'tno van ﬁe kh{'\ khan khl !m duno g;_'a,_ t__u,éf tgéﬁ ACOdé 1a gén
phai nhfmg tap lang giéng kich thuéc 16n trong qué trinh x4y dumg 101 giai. Thuc

te mbt con kién bao gio cunsz gip Dhél mét tip lén gl é ng | kich thuée 16n de Iva
chon Céc bai toan tot 14 cée ba1 toan glam déng ke viéce xéy dung 101 gxél va X4c
suét nhidu con kién tham cing mot trang thai 13 nho. V1 du thuc te trén nhu Ia\’

bai toan TSP va SCP véi cée by dit liu 16n ching han.

Trong céc trub’ng hqp ndy, ¢6 thé giam tél céc vin d& néu trén bﬁng v1¢;c st dung
, céc danh sach tmg cir vién. ‘Danh sach tmg cir vién 1a tdp con cua tﬁp cac langr

giéng hita hen ciia 1&i gléx hlen ta1 ‘Ching dirorc tao'ra dyra trén céc thong tin tri’
thirc ¢6 sin cua bai toan néu cé hoac céc thﬁng tin dong dugce sinh ra. Viée st

dung:ndy cho phép céc thujt todn ACO tip trung véo c4c thanh phan ra thlch

. cia chung va giam khong gian tim kiém. :

Mot vi du khi’ xem xét céc img dung ACO cho bAl toan TSP. Bai toén TSP

thudmg cho nhimg két qua tdi wu trén nhﬁ'ng 5 thi nho bao gdm céc thanh phé

va céc canh ndi giita chiing sao cho m8i mot thanh pho ‘chi:c6 mét it céc lang

giéng gin nhit.; Vi du ‘nhu mét. bai todn. 'I‘SP trong thu vién: TSPLIB la

pr2392 tsp voi 2392 thanh phd dat lm giai t6i wu trén do thi con véi ¢ic lang

gitng 8-ghn nhat KT thudt ndy c6 thé ding dé sir dung dé xay dyng cac danh

. sach tmg cir vién, l4n déu tlen xudt hién trong céc thuat toén ACO. D6 1a danh

séch cac img cir vién bao gbm céc léng gxeng gan nhét cua mdi thanh pho Trong

qué trinh x4y dyng 1&i giai, con 'kién Iudn Iwa chqn thanh pho trong sb cac tap ‘
léng gidng ctia né, chi c§ nhimg thanh phd nhu thé méi duge chon. ‘
Xa ho'n trong céc thuat toén ACO viéc str ‘dung’ cac danh sach u’ng e vxen hay

cac tlep cén tuong tr vin chu'a duoc nghlen ctry nhxeu Céc ki thuft s dung
danh sach {mg cir vién dugc siy dumz trong c4c thuft toan nhu Tabu Search hay
GRASP c6 the ung dung cho vxec ‘ap dung cac chién luge u'ng cir vién hiéu qua
cho cac thuit toan ACO. :

-
n, :
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1em thoa man mot tron2 hal tmh chat sau

oy
-
3
s
)
ﬁ)'
o °J

La’,gia di ém cla doan thang va tam glac
a

Aar ‘m"f g,‘a dnan ﬂq,’mo n?im trong tam oi a_;

SAAGALE 2288A1r MV Ap GRS

. Neu tan trén gom h i dlem, ket qua 1a khoang céch glua ha1 dlem do, nguoc :

......... n

: ‘lal Kel qu Dang .

82

e
>

Tim tap eéc dlem thoa mﬁn met trong ha1 tmh chét sau

.. a)..La giao dxem cua hal doan thang, moi doan thudc monam giac. -
b) La dinh cia mét tam, gidc ném trong tam gidc con lai.
~Tinh dién tich bao 161 cua tap dlem trén. '

y Cac dudng thémz chua céc canh cua céc hinh chﬁ nhit chia mat nhéng toa do

thénh mdt luéi hinh ch# nh4t. Ta xét 1an fugt cic khe ngang cua luéi, v6i

l.rka wit nén nanh rlnn nﬂa cae hinh chiy nhaf theo thiy ﬂi' toa Rn x Enn.

lllUl Dlivy  AWE WA €A% ALATERL" WA,

~+ dan. Chi quan tam dén chc canh phu hét khe dang xét. Ta c6 bién dém s. Neu

* g3p canh trai cia mot hinh chir nhét thi ting s 1én 1. Néu gip canh ‘phai thi
.. gilam s dil, KhisténgtirOlén 1, d4nh dau lai toa d¢ x ctia canh dang xét,
goilax;. Khis gxam vé 0, danh dau toa.dé x eua canh.dang xét, goi la x,. Ly

Xy x; nhén véi 46 rong khe ngang dang xét 1bi cong vao ket ‘qua. ‘; r

”Do phuc tap 1a N w6 N la s6 hinh chit nhét.-
‘De dat du'oc do phu'c tap NIogN co the s dung cau tritc Segment tree _
Cpé béx vé bo test cb tal websxte http //www spOJ pl/probiems/N KMARS

8.4,

8.5.

Tlm bao 101 cua tap. dxem Ha1 dlem can tlm la hax dmh xa nhau nhat cua

,bao 101

Gia sur ket qua dang la s, Phén tap dlem thanh cac tap con sao, cho khoéng cach
gitra ha1 diém bat ki thuqc cung mot tap khong vﬂort qué 5. Néu phan duge B
nhleu hon X tap th1 tﬁng s. Neu phan duoc it hon hoic bang K tap thi glam 5.
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9° :

. Xét t\"mg cép diém, m5 ap mém viét phuomg trmh duo’ng thing di qua na1 8

Y-SR SETY S

/u}&“fi wu ﬂU geny sa gicth numfu nal nua mql; pnang unu ou& uuuug umug -

& 3 v Caka ATl A A
Xay d‘l,l'ﬁg dé thi dé.:y da ’”v(‘ﬁﬁi‘x dinh 1a céc & ap, uuus 50 Cua
: . - i ' { i
mdt canh 14 khodng cach gifta hai diém ng vd&i hai dau mat cia canh. Tim
v ? X i
A 3 t #
c&y khung cia 46 thi :

8.10. Xét tép céc tia gE‘) Ox, Oy cé.c txa g 0 di qua mot trong cac dau mit

cia cac doan tnang bap xep cac lla trong tap tneo gOC tao bOl na va truc

'hoanh (theo tan). Xét céc géc tao béi ha1 tla hen txep Vél m01 géc, xét céc

- doan th%’mg phi hét goc va danh déu doan gin géc O nhat 1a nhin thiy duoc
4 (léy khoang cach g&n nhét trong sé hai khoang cach tir O &én hai giao diém"

ca hai tia va doan thang) Kétquala sé céc doan thing dtrqc dénh dau

8. 11 M3i dlem chi c6 thé néi du'qc voi mét trong hai dlém sau: S

, a) Ct‘mg toa do x, toa 46 y lém hcm va gén nhat
b) Cung toa d{) x, 102 dé y nho horn va gén nhat

Vén mbi diém, ta dem xem 06 bao nhleu dlem cung toa do x matoa dq y Ion
hon toa do y cia né. Neu 58 luong d6-1a 1¢, ta) néi dlem dang X6t VoI dlem j
logl a; néu khong, ta m‘n véi dxem logx b.

\8 12. ‘Biéu dlén mdi dinh nti bing mét doan thﬁng nam trén truc hoanh thé hién

chin ndi (canh huyén cta tam gidc: vuﬁng) S&p xép cac doan thang theo'.\
thir tw tog 9 x cda dAu mut bén tréi tang din. Xét timg doan’ thing, néu diu
mut bén tréi cia né khong vugt qué ddu mat bén phai xa nhat cua cac doan
thang dﬁ xét thi dénh dau ngon nai. u'ng vcn doan théng dé nhm thay duqc |

8. 13 Vi mdi kct qua s, cén klem tra xem €0 ton tai mot hmh tron trong san sao -

cho n6 khong giao véi bat cr hirh tron ban kinh R ndo. Bleu ndy tuong

duong vé6i viée kiém tra xem ¢6 tdn tai mot didm trong san’ sao cho né
khéng nim trong bét it hinh tron ban kinh Ry, ndo. ' |

| i ' V61 hinh chit nhat Iérn ban déu klem tra xem trong tﬁm cua né ¢6 phél dlemA
" chn'tim khong Néu khong, chxa hmh chft nhat thinh bon hinh chu nhat con

bing nhau ror nep tuc kxem tra timg hinh béng cach tuong .
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P={peX,
¢)P={p e X, p chia liét cho 3}.
2) Di chuyén tiép thed 12 chibm 6 3; 1),

t
- b Co (chfrng mi nh béng phén chimg).
. Goi y. Biéu- difn 56 the dudi dang nh; phﬁn ‘mébi lﬁn di theo thut thing a

I3 A £ 2 x Atz e
}ucu diso !l ben phéx nhat ¢ »ua bxcu dxcu xuu puau bua 80 nc 1u§u u.u Neu s6

~ Nban diu khong phai 12 lug thira cia 2 thi nguoi d‘ da“ luon thang’ nguoe

“lai ngu'm tnu hai c6 nmeu kha nang tnang

;':.k,;f’,Ncu s0 quan ban dau khong la ) Flbonacm th1 ngum di ddu sé théng theo

thuat sau mox lan can chon so hzmg nhé nhat trong ph&n tich sé thé hlcn tai :
, .thAnh tong céc 56 Flbonaccx phan bre;t khong ke nh,au (neu cbn phan tich

Rk duoc nguorc 1a1 th1 lay toan bo cgc)

Thuat toan nhu' trd Nxm chuan ba coc, ch1 them buorc sau: Neu B d1 chuven
bing cach ting them x quan ‘vao mét coc nao do thi 4 lai rit dang x quéin d6
- rakhéi coc nay. , , E .

. ) C6-thé coi trd choi nay Ia mot hinh thitc tré hinh cua a trd choi Nim: Ria

- dimg & 6 n coi nhu tuong img mét coc c6 n quén. ‘Mbt phep di chuyen ria: 1at
ngira ria tai 6 x, kém theo latnguoc lai motrﬁaabentréxoxlaoy(y<x) ,
Néu rua tai & y dang ding ma bj dat ngua lai thi twong du'(mg vm viéc di.
chuyén hét quan tai hai coc x va coc y. Néu ria tai 6 y dang nim ngua lai dugc .
14t thanh dimg trén’ bén chan thi tuong duong véi viéc xod coc x va thém cocy,
hay c6 thé coi nhwr di chuyén x -y quén khoi coc x dé c@m y quan.

~ b) Hinh vé& tu'ong u'ng vc’n n=10. |

o Trang thai ban dau la (3 4, 6 8 10) <6 tong Nlm béng 3 (khac 0) nén
 nguoi di diu s& thang Do tong Nim cua 3, 4, 6, 8 bang 9, do d6 cén lat ria -
10 va Gip ria 9 thi chiém duqc vi tri méi 06 tong Nim béng 0o ® 9 0)
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Két luan Mét budc chuyen trong Nxm thanh ‘mét bude lat Tha nhu sau:

‘Chung ta giam coc t6i mot kich thu'crc nho hon béng cach Iat ngu'a mét ria va

1at ip mot ria. nhw phep déu uen (ngua 10 up 9). Neu loai hai coc Vi cac
kich thuoc hién dang cb chung ta phél 1at ngua hai ria (v1 du bude di lan thir
hai clia ngum thir nhat dﬂ 14t 9 vé 4) pé loai m6t coc, chung ta chi can 1at
ngira mét ria thlch ho'p vi du do 4 6, 8 10 c& tong Nim bang 0 (la mgt vi tri
p) nen buéc dau tlen ngum thu nhat cﬁng cé the ch1 can lat ngua rua 3

) = {1, }

n

x {00123 45 6'7 89 16. 1  1’2 13  14\» 15 - 16_ .‘17_' ‘11’\&19
G(x) 01 23200 Tot 2z 3 2 01 01 2 3
b)Slatap céc s6 nguyento le | : .
xfo 12 34 6789 1"0711 12‘" 1‘_‘3\ '14’ 15 16 17 19
é(x) 'o~.o. 0 1 '1 2 z 2 3 0 3. 4{: -1, 430 3.4 il

c)Sla tap céc ) nguyen to ’ _
x.:‘l‘““Q ] 23 4. 6 7 39 10 _1«1 12 1314 15161718 19
G(x)!‘ 0 1 12233400 1 1 223 3 4 4 5

150



Q.
A
a
&
>
>
e o]
o
R~
0
7]
(=328
‘T3
g
Q
=
[~
a

thanh phan 14n lugt la g, g¢ , 3 Tacé:

x !o"l 23456 789 10 11 12 1314 15 16 17 18 19
Gw|o 1 23012345 0 1 273 0 1.2 3 4 5
I : . ) . .
~'e) S1a tap céc sb Lucas S .
x io 1234567891011 1213141516 17
G(x) B ‘104:::1,:..:2.;'351.2,,4,3‘ 010 .1 2 3 2 3 0.1
9.11. Ham Sprague-Grundy cua, trb chm t Most Haft
Crlor 23 as e 1890 2B 45 16 17 18 19
GO0 0 1 0 21304 2 5 1 6 3 7 0 8 4 9 2
9.12. Ham Sprague-Grundy cua tro chcn Dim” “
Cox |01 2 3 456 7 s 9 10 '11:12, '1'3';'1"4 15 16 1718 19
Gmlo 1 2 1 31 2 ?1_4 12°01 3 12 1 5 1 2 1
9.15. Ham ~SpragueAGmndy cita trd choi Wythoff
NJo1 2345 6 789
oot 2345 6 78 9
1 1.2 0 45 3.7 8 6 10
2742 0 1 5 3 4 8 6 7 11
31334 5 6 20 1 9 1012
4|45 3 276 9 0 1 8
5 5 3‘~, 4 0 6 8 10 1 2 7
6 (6 7 8 1 910 3 4 5 13
717 8 6 9 01 4 5 3 14
8. (8 6 7 101 2 5 3 4 15
9 |9 10 11 12 8 7 13 14 15 16
. 9 16. Ta ki hiéu ham Sorague-Grundv cua tro chm té gl g, cua céc tr chm
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g(18,17,7) ”(18) ® Z’(m ® ”(7)~s ® 5 [} 7— 1o>0

- 9.17. Hai vi tri ké thuc 1a coc 1 quan va coc 2 quan Cac gla tr1 ham Sprague-
, “(jnmdv’cho t chm nav khi coc cé kich thudc nhé co the tinh duorc khom.’.

121G ) AU gy Rl UL U Ll

khé khan, nhung khi kich thuéc 16n thi viéc tinh todn rat nhleu thoi gian.
i4 tri ' ﬁpbga I{hépo?né) ‘vdpnnavoh }ym
- 9.18. Gia tri ham Sprague-Grundy cua b h ay*le;: gy +2),y la céc boi qﬁa
12,z=0,1, .., 11 L

<o
)
=

NS ais|6l7/8]9]10]11]
0 |8 |L|2|3(1|4({3|2(1|4[26
b2 Jaul27|aalal2|t]{a]6 |7
24 |al1]2]8]|s]a]7]2]|1|8]6]|7
36 [4|1{2({3[1}4]7(2]1(812]7
48 [4|1|2]8|1]a]7|2]1]a]2 |7,
60 |4f1]2(8i1(4[7]2]1]8]6|7
72 [4[1]2(8]1]4]7]2]1[8]2 |7

. Khi x = 72, céc glé m bét dau 1a tuan hoan vorl chu ki 12 cac gxé tri cia
dbng cum bang tren duorc lap mii. '

| 9.19. Choi trd les ta c6 thé cm nhu' chon theo B
Nim nhleu coc. ' A

Vidu: Hinhbenve v1tr1(3 4, 5)co gxétr; e

" Nmla3® 4@ 5=2hvitiN,chn | o

‘ chuyendenvnriP(l 4,5)vi1 D®405= -0,

“ Dleu nay co the thyc: hién’ bang cach ve B
vong tron qua ha1 trong ba cham ngoal cung
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9.20. C étnnamaprague-unmay cua tro choi ¢& Dawson (V= 18) - ,
x lolt]2]3]a]slel7|slolrol i1z 13]1a]15]16]17]18
gx)10 141 2 0|3 ]11110]3]3 |2 |2 4 0|5 2 2 13

9.21. Ham tinh tich Nim ctia hai s x va y: _

function tichnim(y,x longlnt) : longint;
var x1, x2, t,i : longint;-
begin | ee - ;
if‘x<y then t:= tichnim(x,y) else .
if y=0 then t 1= 0 aelse
if y=1 then t := X else , ’ e
if fec(x) then {x=2, 4, 16, 256, 55536,m} begin .
| if x=y then t := (x*3) div 2 alse ~
t o= x*y; ’ .
end

‘else {x khéng 12 lup thita dang ferma }
beg:.n {ttm x1 x2 nho hon hodc bang x maxi xor x2 x}

x1 1;
whxle x1*2<=xy do x1 := 2*x1;
X2 1= X Xor xl,

if (x2= 0) then {khong tim dwcxl x2m&x~x1 xorx2 x=xl ldluythufa cuaZ}
beg:.n {tlm x=x1.x2}
i 0; ‘ .
while fecmat{i]<x do inc(i);
if fecmat[i]>=x then dec(l),
~xl Y fecmat[l], : : . = - o
Cx2 = "x div x1; {xlalup. thua cuaZnen chtahet cho Iuy thira dang ferma nho ha'n}
{bdy gio x = x1.x2, yx=y.xl. x2} 4
if (random(lOOO)‘mod 2. =.0)
t
 else
.
end , :
else {y.x=y. (x1+x'2)=y.x1 + y.x2}

then
x2)

'tichnim(tichnim(y,xl) R

i

tichnim(tichnim(y, x2), x1);

 t:= tichnim(y,x1) xor tichnim(y,x2);
end; o ‘
tichnim := t; . ..

‘end; -
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9.25. Trong trd choi 14t xu bdn gbc Turning Corners, g(x, ) =x ® y, do 6 gi

trd choi ndy ciing 12 mt cach dé tinh tich Nim.

‘Lées crt;

const max = 100; ;

type mang = array{0..max, 0. .max]: orLinteger;

var g mang; n,X,y integeér; ' '
v : array[0..max*max] of integer;.

function sg(x,y : 1nteqer) integer;

var a, b,i : 1nteger, '

begln o

~ fillchar (v, sizeof(v),0);
for a:=0 to x-1 do

154

for b:=0 to y-l do ‘
vig[x,b] xor g[a yl xor-gfa, b}]

i = 0; ,
while v[i]l=1 do inc( Y
sg := i;
end;
BEGIN
clrscr; .
n :=15;
‘flllchar(g,s1zeof(g)h0)r
gil;11 = 1; ‘
for y:=2 to n do g[l,y] 1= y;
for x:=2 to n do g[x,1] := x;
for y:=2 ton do =
for x:=2 to n do
g{x,yl:=sqg(x,y);

for x:=0 to n do

for y:=0 to n do

begin :
if y=n then writeln( g[x vl y-
else wrlte(g{x y] 4),

end;

readln;
END. )

..




N ~
26. Chién thuit tdi rru cho ¢dng an 4 13 dirmme & Hai Duone vai tin suit np=—
:26. Chién thugt 161 wu cho cOng an 4 la dimg & Hai Duong voi tén sudt p=—,
\ 5 rya g A £ 3 TR A
ditng & Hai Phong vai tan suat 1-— p =—. Chién thuit to1 uu cho td1 pham B
5 - S - £ g Lal daa
-l
2 Tra: T X £ 3 . . X Y z, 2
la dung & Ha1 Duong véi tan suat —, dung ¢ Hai phong vo1 tan suat —
) 5 ) 5
097 Niu r < N thi 1A AR Rn e Naredd fhas mhAe ahdin hama 1 than ahifa
Fokui Il e lVC { >V uu u“ 1a ‘Wicliil (w108 15 . 1‘5 1 Wiy iulat bll? 1 l.ldll 1 WICL LLICI

"thuéttc“'nu'ula {1; O), gucn thir hai chon cdt 1 theo chién thust t&i wu 14 (1; 0).

Gia tri tro choi 1a v = 0

i In /n 1\ nrnw‘v: ﬂ»'n'r |

' Néu 0<t <1thi a la dlem yén ngua. Ngudi thir ‘nhat chon hang 2 theo
. ‘e 1 X : .

r
;Aﬁ thiiat fi{“ a1 rhan nA
. Wi Uu R \V, 1), 1L Vi Wil 1GE ViIil LY

la‘l(l; ). Gia tr;trochcnlav t
’Neut> 1 khdng c6 diém yén ngua. Klu do ap dung céc cong thuc tmh p,qvav:
t-1 1 2

Pl

s Y = s V— .
t+1 t+1 - 1+l

»

o

©

<
Q.

i

D
£
o]
Lo~
=g
-l
=4
-
‘FW :

[0 wi rso
T Ve 0<r<l
——t—vvmg_t>1.

Db thj nhu saﬁ:
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,Ic
e

(5 1°0Y (4 1 0 , . RIS
1o ; A T 4 0 (4000
14 3 2. -11 13 2 211 1 - [ B
8.a) - =N =13 2 -1|={3 =1}
o0 -1 4 3| -1 4 31 L. 0 T SRR &
b oo b -4 3 ) -3 )
u-212) (21 2)° g -
4 0) ' |
= .
{-1 3) I
SN T » IR
Ma tran 2x2 khéng cé dlem yén ngua ‘Tinh p—-2— _q=§, y;—z—.
% o g £, 1A (1 1 \
Suy ra chien thuét hon hon t0i yu cla nigudi th nhat la: =\§;0;‘5;0} va
chién thuat t8i wu ctia ngudi thir hai 1 ¢ ‘—?(0 3 0; i\ | | |
a guar thir he q \®5:%5 )
(1000 7o 1) (160 7)
] ‘ o 10 0.7
b)2,64,7:>26'4:>,)~ﬁ‘1
lesas)leaa) 0T

(tir ma tran 3x3 chuyen thanh ma tran 2x3 vi: 2(a” +yazj)2 a;; voi moi

,]“123)

Gia st nguon thi nhﬁt chon hang 1 véi tﬁn suét p, hang 2 véi tin suat 1-p.

'Khi d6 néu ngudi tha hai 1an lugt chon cot 1,2 va 3 thi gid tri ngufén thu
nhét nhan duoc twong img 1a: o .
v=10p+2(1 -p)= 2+8p,v 6(1 p) 6.— 6p,
v= 7P+4(1 -p)=4+3p.

A

ve ba duong théng va thdy duorng dam thip nhat chl ném trén 4 th1 ung

vai ¢t 1 va 2 (giao nhau 131 diém (—57- 377(-)-) do do th1 cgt 3 nim hoan toan

' phla trén ducmg dam nén cung co thé dung ma tran ch1 gbm cét 1 va 2

(10 0) 2 30

’LZ 6} dé tinh p*-;;- v—"7' |
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o~ .-.-.,‘i.’.- "n o -~ 4‘.' \l .....
9.29. a) Tinh Mm<Zp|jrat_z.J_| Vi=1,2,..,m l>= 3.27027

Tioh Max| 2 g[j1*alij]  Vj=12,..n  1=3.27027

L=t : ‘ ) ) .
T (e 20 1Y, (14 4 .19 Y. .
Suy ra chién thult p={ 1200 | va g={ 12:-550:22:0 | tuong img
N3/ 37 377 - \3/7 3/ 3/ )
la chxen thugt tox cho nguoi thi nhat va ngudi thi hai.

-9.30. Déng 1 chi thi céc déﬁg?l—’%; 5,6,..c0t1 Cux phoi céc cft 4, 5, 6, ... nén
0 thé loa1 bd cac dong 4, 5,6, ... vacac ¢t 4,5,6,...: - ‘ '
| (0 -1 2 2 2 .Y
1 0 -1 2 2 .| ., . .
21 0 -1 2 .| lo o
-9 -2 1[ 6 -1 => 1 YOA‘-I
-2 -2 -2 1. 0 .| -2 b
\ o)
Ma tran 1& dox ximg bu, gié trj tro chm la V== Ova chlén thuat t6i wu cua. hai
=0
0 , /
=0 .

(2 0’.»0 N S
10 4.0 0 {2 000
g 008 0~ 10400
23810 0 g 1| BB Aoy g g g | vEcEmandn
o 00 0} 10 0 0 16)

1A THLBU.THHOC (B) 157



L (05 0 0 . 0 \l
a0 025 0 0 |
‘_A_’— — b4
{ g -0 0125 0 {
‘I’n n n nnaqk'
o Ly v U uU,ubss )
Gi4 tri trd choi 12 : 1.06667. Chién thuat t6i vu cho ngudi thir hai Ia
¢ 5 ‘
\

=)
L An
("]
W
Wy
W

' Chxen thuat tox uu cho ngu' i thi n_hé la: ... .
-0

-
-
K
Ny
A
-
\

q (-;—,—;— % g) cua nguoi thu ha1 la p= (p1 pz p3) $a0 chop Aq dat gia
tri 16n nhét. . '
| SRS (02
, , 0 7 2
| [ Hozl
pAa (m,pz.ps) 1 4 8 2101 .
‘ 0.2
6
L04J i
| E 0'.2
| —(p2+9p3,7p1+4p2+3p3,2pl+3.02 p3,4p1+2P2+6p3) 02_@
| 04

' “(02p2+l8p3+14p1+08p2+06p3+04p1+16p2 02p3+16p|+08p2+24p3) v
=(3. 4p1+34p2+46p3) 4 T
Vay glatr1v=34p1+34p2+46p3 (l)trongdop1+pz+p3—~l (2)vap1>0 y
2>0 p320: Thay(2)vao(1)cév— 4+12p3 '
) Vay v 16n nhét khi p3=1; :p2=0; S p1= - 0. Chién thuat Baye cua ngucn thu
‘nhét dép {mg lai chién thuat ¢ ciia ngu:cn thu' hai l1a chlenthuat p= (0; 0; 1).

b) Ngum thir hai cén dung chién‘thuat Baye dap ung lai chién thuat ©; 0; 1)
cud ncnrr\n thir nhaf dola nhtpn thuat nhim n’ Ao dat alé trz nho nhat

WAL WAL vAAel A“.m-.r L |

‘158 ' | o - P 1’:’8.5\1'&(;1&1:...“&;16@(@3)‘ '



(e (g
(0 7 2 4\ 7| : } |
, : |~ g, | lg, | . o
pAg=(0;0;1).01 4 8 2|7 |=¢9;3;-1;6). |=(9a;+3q2-—Q3+q4).
i |5 'lag. | lg. ] V74 e
: 9 3 —1 6]1%] : | HE o
K \ N Vo]
Lo e - o ~\Ha/ -\

‘;léir ran chan 77 can rhn v = Q. + VI — 71, +Vn,\ £ ri’a;y oiad tvi nhA ﬂhgi' ﬁ%nn
L wialid Vll\lll l’ OGI\J \‘i&l\\l v \I‘l] Jl’[ l’j ' Q} \J} ‘wt 5‘“ “} AABAN LLLIGRL MAVLL
théi thoa man dicu k_lén ittt aitg=14)vag=>0 v'; moij=1223,4.-

¥ 2 4 > i (ad -1/—- T ¥ b 5

Thay (4) vao 3) bV =10g; + 4¢3 + 2q4 1zl Suy ra v dat gid tn nho

. nhétkhigi=g;=g4 =10 va ¢3= 1, khi d6 ngudi thir hai khong mit diém ma

con duqc 1 dlem (do nguoi thir nhét nhan gla tr; ravélav=-1 diém). Vay
“ chién thuat dan img la1 clia nguoi thir hm lag= ( 0 0 1; 0). '

| B (o s —2) B |

9.35. Xét ma trén trd choi 45=| -3 0 -4 |, kiém tra thdy 4 khéng c6 diém
“ \ I 6 -4 0 |

~ yén ngya va cung khﬁng thé it gon béng luat chi phm

‘ Llf()'ll _ ‘ ; ‘
Budc 1 Cong céc phantucua ma. Bu'é'cz | |
trAn'voi x = 4, duqcmatransau S L Y v 172 [
4 92y mp4totalil
a=1 48| N 110 g' ‘481 }
1004/ R B SN N
Bu'o'c 3 Chon chét tai dong X3 cét Y (chua glé trj 10) |
Buoc 4 Thay dbi lai chc glé tri- Bu'ac S Thay nhin cdt 1 lay,va
cua bang, c6 bang mmnhusau S dbng3léx3 cho nhau :
HERE: ,y3 11 S ;,yz‘ ys
xi[-04]9]04]06]  |x|-04|9]04 06
xl-01{4|76f0s]  Ixl-01]|4] 7609
%01 0]04lo1]  [ylo1|o|o4 o1]
0.1 [-1]-061{01 Lo b -1 )06 0.1]
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"Buoc 6 Bu'ac 7  Gié o trd-choi 12 0,6713.

160

Bzmc 6 Quay lax bxrérc 3

Budce 6 - Quay lai budce 3.

Lupt 2
Burdre 3 Chon chdt 13 8 thude dong 1 (nhin x:) va ¢bt 2 (nhin vy)
Bwoc 3 1 Lnon Chot 12 ¢ thuQce cong 1 (nhah xp) va €Ot £ (nhan 3;)

n| o1 | o | o4 | o1
0.0556 | 0.1111 | ~0.5556 | 0.1667
hay nhin cot 2 12 y, va dong 1 1A i; cho nhau

A s oa s

70,0556 | 0.1111 | ~0.5556 | 0.1

Ltmt 3 : , ‘
Bzwc 3: Chon chot laé thuoc dong 2 (nhan la xz) cot 3 (nhén la yg)

Buée 4va 5.

ol X x| oox o SR
132 | ~0.04491-0.1138 | ~0.0060 |:0.0629 |-
73| 0.0105 [-0.0599 ] 0.1347 [0.0853 |
} yi | 0.0958 | 0.0240 |-0.05397'0.0659
1 Joo614 [0.0778 [0.0749 <[ 02141 |

1A n= m Q(’lf( ﬂ 0 %, 94’7

Wil s A ¢A T bk tlar's b Ae
blllcll l.uuat lUl uu UllU uguux I.llu uuat xay \ VJU, M. J"7 T , V.0 i)

Chlen thuﬁt t01 u'u cho ngu'én thir ha1 lag= (O 30?7 0. 2937, 3986). ~



7.
=
L ]
= .
<

£

i 2 .

- A L) A} . - LA 54
nguyén thuy cia ngudi thir hai, tuong
., KA. g2 ; < TN £
ng 12 dau dong bac & phcng ! hoic dau
'y e 1 4 % -~ :
dong bac & phong 2.

& : :
Ki hiéu Ty va T a céc “chién thuat
| ngudi thie nhét, twong

A .
b "' phéﬁg 1 hﬁéc tim

Unig i im uuug
& phong 2 o RS
Theo dé bai c6 c4c phan b x4c sudt nhu trén ¢4y Kuhn .
Khi ngusi thir nhat thyce hién 71, néu ngudi thit hai thyc hién Dl thi glé tri
i i ’
tra vé la —I==
2 2 .
Khi ngudi thir nhit thye hién 75, néu ngudi thit hai thuc hién lJ2 thi gia tri
, 1 1
travéla—.1=-.
3 3
i ‘»Béng gxé m trﬂ vé cho nguén thu nhét 12
| [Tl
T 1 - 1
|=10
’ 2}
10| =

: Thuc hién chlen thuét can béng Gox tn suat thuc hién T; 13 p, thyc hién T 2

, »Ml—pthlcé —2—=1—3£- suy ra& p-%— |

AVay chién thuat can: béng tm m cho nguin thir nhét la (%g) ‘Gid tri'trd choi -

~ 1?1 Tuorng 114 tim dtrqc chxen thuét t6i uu cho ngum thﬁ' han lé @— %) ;

i
5
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9.37. Bing tinh gié tri trung binh tra vé cho ngudi thirohft:

af d-g ef eg
D1 n B 1 - 1 n‘f 1 ~
@, iﬂ.*i/_di=_1 1.a f_t_d{'=_1 Tawi4n o L Sl R
Ny v 3.3"{3 \=2) 1 3.31‘3;( 3) > “1 3..3'!73‘1.U 1 3 .)1':3 | P
bl 1., 2, 1.2, 1, 2 1 2. .
: -3+=0=1 -.0+—.0 =0 —-3+-0=1 1 =04+=3=2
3 3 33 . 3 3 3 3
el 1,2 RONE T B PO SE s & e
~3+=0=1 =3+=0=1 | =(=DN+=0==1| =(-)D+=3=1
3 3 3 3 3 137
Vay 6 ma trén trd choi 1a: | o
’ Cdf dg oef eg

a "(_1 101 3]' ’
. BT q Al

. _’:';v b 1 £ 12 2
i L'l 1 -1 1J

Doéng (a) bi chi phéi bén dbng (b) nén ¢6- the loai bd déng (a) Cot (eg) bi
“chi pnm nghiém ngit bai cHt (ef) nén cd thé loai cot \eg) Cot (df) bi chi -
, phdi nghiém ngit bai td hqp céc cft (dg) va (ef) véi tan

suit 0.5 pho mdi
cot. Dén t6i ma trdn 2x2: ‘

dg Ye'f' :

bfoo1y
€ 1—-1

D& dang tim duge gid {ri'tfb‘chdi la % Chién thujt 'téi-uﬁ ena'ngaai' thir

g nhét 1a° (o Y 3-) cmén thuat t61 wu cho nguau tliﬁ' ha1 1a (0§ ; o). '

9, 38 Véi nguen tha nhét Ki higu aar cuwac 1a d; Kmm tra 1A k. Ngu'm thir nhét

~ ¢6 hai tip thong tin. Trong m&i tip thong tin c6 thé tao ra mét lya chon -
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trong hai lua chon. Do a6 ngudi thi nhét 6. 2><2 chxen thuéx niguyén thuy.
Pdla cac chlen thuit sau : - : : ' .

Dit cuoc bit ké auan bai nhan 14 anan bai thino
(@, d) : Dat cuoc bat ke quan bai nhan dugc la quan bai thang hay |
(d; k) : D&t cuge véiquén bai thang va ki€ém tra véi quén bai thua;
(k; d) - Kiém tra v6i quén bai thing va dit cugce véi quén bai thua;
(k- Ir\ *Kidm tra véi audn hai thane haie thua
\'V 'V} AMAWELAL AR Y UL quw; LV 425 o8 tllmls llvuv LALLARA S

- Vay tép céc chién thuat nguyén thuy 12 X {(d d), (d; k), (k a, (k K)}.
7 'Chung ta di chira trong X moi chxcn thuat nguyén thuy ké ca tot 14n x4u.

Ngudi thir hai chi c6 mot tap thong tin, Do dé Y= {g, c} v61 ki hxcu gla
Goi,cla Ch«’)f ’ :

- Ngudi the hai str dung ghoicc néu ngudi thir nhat vira dung dat cugce (d d).
Ma trin gxé tri tra vé cho ngudi thir nhat nhu béng sau: ' ‘

| Catbiggeed) | Cot2ic(chdy
Déngﬁlré(détcuac; 3dt cm}, = (d;d) PU+B+( -pX=1=b) | p1 +(1=p)1
Dong 2: (dit cupc; kiém tra) = (@:k) | p.(1 + B+ (1-p). 1) |p1+U-p-1)
o nl\p.o‘l nnpm trn - dgt mmr) *:d) p I+ = )(, b pl +~(1 i'p).l '
Déng 4: (kiém tra; kiém tra) =k |p1+(1-p)(-1) Ap. ] +(1 p) 1)

‘ Dc‘)ng 3 bi-chi phm bdi dong 1, nén cé thé loai bo dong 3. 'Dong 4'bi ¢chi ph01
~ béi dbng 2 nén c6 thé loai bd dong 2. Dﬁn téi ma tran A k1ch thude 2x2 :

C6t 1: g(got) : CétZ c (chot)

[ Dong 1 @ar cure, dat cwve) = @) | 201 +5) + 0 —p1 =) | 1+ 1

Déng 2: (ddt cuye; kiém tra) = (d;k)} pA+b)+(L=p~D) :|{pl +(1 =p)(-1)

R , 1 Cot L g (goz) C@t 2 ¢ (chét)
) R T
.ang 2 (dat c?rac,‘ kiém tra) = (d’k) 1 + b T f“-‘p —

A ¢6 hai dong gibng nhau, c6 hai diém yén ngwa 13 4(1;2) va 4(2;2).
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'Vﬁyg&émtrbchmlép Chl&nthuéttéluuchongu(n aua(x,l—x 0; 0) |

v 0<x <l Chién- thuat ti wu cho ngum thir hai 14.(0;1).
Khip=0 ‘ e
| cot1:g (goi) | Cot 2: ¢ (hdy)
Dong 1: (dat cuacddrcuac} = (c @ -1 -5 | ;\ i |
Déﬁg 2;: (d“t curge; :’ué"“ z‘“d“ »% (dfk) ..1 ;, . f _1 :

AR Iadxémyénﬁgﬁa Giétrltrb chmla 1. Si ke nl
' Chxén thudt t8i wu cho nguén tha nhét 1a (0 1; 0; 0) Chlén thuét 161 u'u cho

novrde ther has 14 71, ﬂ\

. usu\u tllu 1441 A& \L, U

LG Lﬁ#l o I S ey A |
Nhan théy 4(1; 1) khong 18 1én nhét cdt 1, 4(2; 1) khong 1a & nho nhét
dong 2. A(2; 2) khdng 161 nhét cot 2. Viy néu 4 c6 diém yén ngya thi chi
cb thé 1 A(T, 2).' o Loy e
A(1; 2) 16n nh ot 2 do dé sé Ia diém yén ngya néu n6 nh6 nhét d6ng 1,
- nghna la: : e :
| . i T s 2+b__,
A 1)>A(1 2)¢>p(1+b)+(1 -p)(-l—b)zpn(l —p)1¢>p>2(l+b)
- Vay k}n p2 2(21 s, (vé p# l) thx A(l 2) 1a dxem yen ngua, do do gxé tn

trd choi 14 1. Chién thudt téi wu cho nguén thu nhét 1a (1 0; 0; 0) va chnen
thuat t61 wru cho ngudi thu- hai 12 (0 1) " .

Cuox cung xét tru'émg hqp p< 2+ (va # 0)

2(1 b)

Bang céc c6ng thire gxéx trb chm ma trin 2x2. tim c}nén thuat cén bing tm
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Chién thu4t tdi wu cho nguoi thu nhét 1a: _'

/1 I3 A A 1 ~ 1 \
‘ pb 2=2p+b-2pb . .|
Ve v
\A=p)2+8)" A-p)2+b) ")
Chien thujt toi wu cho ngudi thir hai1a: | ; .
- : b A924p’248)
A ale o 4f all ded ard oLl o 'KAA as K e oY al g
9.39. a) Str dung céc cong thirc tinh gid tri va céc chién thuét t6i wu cua trd choi
~ a b “’l"\ : 'vx' B Al
matran| . | khéng cé diém yén ngya:
.o \d e, T _
pe c-d _c=b ~ac-bd
T T e f T, =—
. " a+c-b-d a+ec=-b-d at+c~b-d
Ta c6 két qué sau: ' ' ' ‘

Tro choi Gy c6 didm yén ngua tgi 6 (1 2) nén 1a gxé tri trd choi 1 3 chién
- thudt cho nguoi thir nhat\!é (1; 0) chién thujt t3i wu cho ngudi thu hai 12 (0; 1).

Trd choi G, khong c6 diém yén ngya, gid trj trd choi 12 3, chién thudt cho

‘nguén tha nhét la L—S—-S-J chxen thuét t6i ru cho ngub'x thtr hai 13 (—2- —12-)
Trb choi G5 khong co dxem ye_n ngua, glé tri trod ¢hm la -—1, chién thuat cho

nigudi thi nhét 1a (—12- %) chién thut téi wu cho nguroi thir hai'laf(%;%) .

~ Do d6 trd choi G xem nhu tré choi véi ma tran G' = (g l)" Trd choi G

khéng c6 diém yenngu‘a, 'gié trj trd choi T %, chién :vthﬁat cho ngudi thie

| nhat la (—4- —3-) chién. thuat tonmcho ngudi thu hat 1a (i,i)
- \TT o L \17)
| 160 0)
: 153 0 0|
b) Péi cot 1va cot 4 cho nhau, dugc ma trans G’ - : .
. O 0 2 5|
004 1)
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- P AR I RS
Trd choi trén G' comnutmcn iG"=] '  |ma
. \0.G,)
(1 6) “(278)
= | | va(n= I I
. k\S 3/} i \ l\4 ll) 5
Gidi G, va (72 auoc ket qu:- 4 ,
Gid t5 6 cho | Chién thugt t6i wu cho | Chién thuat t8i wu cho
I1 = , X L , : .
, T ngudi thirnhat ‘ngudi thit hai - -
. v 27 ,p_.(z 5») o ,q_(:; 2)-
G | == === ===
@l 7 AV L \1T1)
Viy G" coi nhur trd choi G sau day:

Giai tro chm G du'orc ket qué la: V : f; ; chlen thuét tm u’u cho nguin thu

| nhét 1a py’ = (176 196) chlen thuat t01 wu cho ngub'l thu ha1 1a qg = (176 196)

| Suy ra trb cho'l G ban dﬁu c6 glé m la V = -‘;’g— , chlen thuat t01 ru cho ngu‘m

(_‘g_ 1759 19 )_(_1__5__9_ 94)'
P67 716 716 216 2)°\8°16'32°%

thu nhat la:

chlen thuét tox uu cho ngu'(‘n thi hai 2

P (7)(3 7.49°2 9x1) (3"1 3 3)
—X e X e X e X | = e — L
677716 77167 37167 3) 167478716
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= 0 hofic v = 2. Khi dé chién thust ti wu cho ngubi thir
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.2

ad

’
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atac

v

A
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2
A

"iVéri chién thuat ndy nguoi thi hai ludn lun chon déng 1, nhung khi d6 n

v-1-

r

- Két ludn: Ti'ong"mgi trudmg hop gid \‘tri trd chdi 1a yv\ e [0;2].

y=-"— suyra v

' ngudi thir hai ludn chon cft 1 thi trd choi khéng thé két thic (méu thuln
Vi gia str). LN :

" Gy, G2, G tuong tmg 14 vy, v, va v3. Néu khéng cé_trb\chci‘né‘o dén t&i ma

Gid 'sit chién thudt cia ngudi thir nhét 1 p = (215 p2; pa).

19.41. Chung ta hiy giai déng thoi cc trd choi nay. Goi gié trj ciia céc tro choi
| trincodi



‘Su dung nguyen i can bang hé :

- M= h V3 + PV + Py,
(‘An& Hime vé ha AXnvo ﬂﬁ'fﬂ trén cA
\/Ylle ‘-uale W LA ““lls lll“* A Wil WS )
Q. = fa5. 4 a1 4592 Fovoih pra b 91 Y men Doy =1'y.'.;4- a CLoTn e
SIS ViV V3BT P Psy S EViT VIT VS R Y 7
| 4J5—2 e
T hé gom (a), (b) va (c) suy ra 71»*1 + 4v1 -4= 0 - 7 (do 0< v,).

9.42. Day 14 trd cho': ngau nhxen mét trang thél (1a G). Gxé su khong c6 dxem
 yén ngya khi trd choi nep dién.

(e} ey
B G D A e S
6&1 nt\lvmq twinkh 112_1_ Ay — 1 o N c||17‘ o n;" MNans .= e‘\ :
uau l.Ul puut{us LiEi11l V: J 'YV Py ’l‘ M-S iQa ‘V F 4 \lygl ¥ U}‘-
Thirlai v=2,coOmatrin| ; J khong cé diém yén ngua. Tir d6 suy ra
T
~Chién thuat t6i wu cho nguo'x thu nhét fa (05 0. 5) vi p——e—;’—;.—g >
» 44+4—-0-= :
3 3
: o : , 7.5
e : i “ 373 1
‘Chién thuat t8i wru cho ngudi thir hai 13 : —1—,—6- vig= ——3—-—-3— =—,
| \ 777) T 4 T g3 7
‘ , . : o A —=0=-=
2 2405 -4 0 ) v
9.43. _a) vl Val ") 8+v2 3V, = =k 8
’ 0‘ 4+0.>5v2 .4 3

-—2 +0. 5v, —4+0.5v,
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s sz 3% "Lr'.l Ab ‘li4vl =V, =8
Tedbdantéihé § i
o v, —3v, =8
‘r’ « ez
I £1N > lo
: )=y =—
Suv ra- J Ry
suyrm. 94
Pagd N — vy — 2T
E I &) =¥ = 1
Thay céc gia tri vy va«w, vao c4c ma ;rén tréncd
? (2‘112\ 5 4 0
Gv=| Iy G? = 1.
‘A 32 ' —.}—‘-_‘- —-¥
Vv,
,,k’ll) Iy
: Trong G‘” chién thuat t0i wu cia ngum thir nhét la Gt ﬁ) ctia ngudi this
1 1 v }v
hai la ( ; )
272

,

~ Trong G chién thujt ti uu ctia ngudi thir nhét I

haxla(6 5))
11°11

b) Chuong t,nnh

uses crt;

N
b-)lr—l
u»uo

\ clia ngudi thi
/ \

| const fo

type mang

var vl,
gl, g2
P, q
.k, 1

Cf

v2

’

"shapley dat"

= arrayf[l..2
: real;

: mang;

;- real;

: integer;

text;

procedure tlnhv,
‘var mauso :

begzn

v]
vi

al
‘mauso =

[
.

=

.
i1
1

real

2] ‘of real,

169



vl := vl/mauso;

p i= gl[2,2]-ql{2,1];
p := p/mauso; ‘ '
g = qgll2,2]-91{1,2];

[te}
Il

q/mauso; '
wrlte(f.'Gl co vl= : ', v1:5:2); ’

" write(f, " p=(° pd:2,%, 7, (1-p):4:2,%) 1)
writeln(f,"’ q=(';q:4}2,',',(1—q):4f2,')');
v2 := g2{1,11%g2(2,2]1-92{2,11%g2{1,21;
mauso :=.g2[1,1]+92[2,2]-92(2,;11-92(1,21;"
v2 = v2/mauso;

e O TO N

P o= 941212'}—"9‘4[211};
p := p/hauso;.
q := g2{2!215g2[1;2]5
q := g/mauso; -
write(f}fGZ'cQ‘v2= 3 ',‘v2;5£2);
write(f,'" ’(',p’:.zl;»z,'.,',‘(1-9):,4:‘2,'»)}‘:)/;‘_w
wrlteln(f vige(',q:d:2,', ", (1-q):4:2,") ")
end; ‘ ‘ ’ '
BEGIN
~clrscr; .
assign(f, fo); .
Crewrite(f); oo
write('Cac .giai doan. tu 0 den k. Nhap 'so -
readln(k):; :
vl := 0;
v2 :=0;
for i:=1 to k do
) begin

“gl(l,1] := 2; gl[l,2] := 2+0.5*v2;
gl[2,1) := 0; gl{2,2] == 4+0.5%v2;
g2(1, 1]\:= -4; g2{1,2] .:= 03 : R
g2[2 1]-?= ~2+0.5*v1; g2[2,2) := ~4+0.5*vl;
writeln(f, 'Giai doan ',i, ' : . '}; -
tinhv;
end;
close(f):
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